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ABSTRACT 



In this thesis, we develop techniques for the analysis of SO(2N) invariant 
couplings which allows a full exhibition of the SU(N) invariant content of 
the spinor and tensor representations. The techniques utilize a so called 
Basic Theorem which we first derive. Using this method an evaluation of the 
trilinear couplings of the 16 plet of matter and of the 16 and 16 plets Higgs 
is given. In particular, we give a full determination of couplings in their 
577(5) decomposed form, involving 16 16 and the 10, 120 and 126 tensor 
fields together with 16 16 (16 16) and the 1, 45 and 210 tensor fields. We 
also compute the vector couplings of 16 16 (16 16) and the 1, 45, 210 gauge 
fields. Computation of dimension-5 operators formed from 16 and 16 arising 
from the mediation of 1, 10, 45 and 210 plet of heavy Higgs, are also analyzed. 
Complete supersymmetric vector couplings belonging to the singlet and the 
adjoint representation of the 5*0(10) gauge group are computed in the Wess- 
Zumino gauge. An 577(5) x U(l) decomposition of the vector couplings 
16 — 16 — 210 is completely carried out using the Wess-Zumino gauge and its 
transition to a non linear sigma type model is shown. The utility of these 
results in the analysis of quark-lepton textures and of proton decay is briefly 
discussed. Possible future applications of the techniques given here such as 
in the development of string landscape SO (10) type models is briefly pointed 
out. 
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Chapter 1 



Introduction 

1.1 The group SO(10) 

The group SO (10) is an interesting possible candidate for unification of 
interactions m |2| and there has been considerable interest recently in in- 
vestigating specific grand unified models based on this group. Thus models 
based on the SO (10) gauge group have many desirable features allowing for 
all the quarks and leptons of one generation to reside in its irreducible 16 
plet spinor representation and allowing for a natural splitting of Higgs dou- 
blets and Higgs triplets. Further, the complex spinor representation naturally 
contains the right handed neutrino which is needed in See-Saw analyses of 
Majorana masses. The S'O(IO) group also offers an enormous freedom in 
choosing symmetry breaking patterns. 

Progress on the explicit computation of SO (10) couplings has been less 
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dramatic. Thus while good initial progress occurred in the early nineteen 
eighties in the introduction of oscillator techniques j3 IH E], there was little 
further progress on this front till recently when a technique was developed by 
Pran Nath and the author of this thesis. This method was devised by using 
the oscillator method which allows for the explicit computation of SO(2N) 
invariant couplings[6j in terms of irreducible SU(N) tensors. It was also 
shown in Ref . jHj that the new technique is specially useful in the analysis of 
couplings involving large tensor representations. These large tensor repre- 
sentations such as 120, 126 and 210, have already surfaced in the analyses of 
quark, charged lepton and neutrino mass textures in several unified models 
based on 50(10) El E EH HD Ed CHI HI CHI HEl HZj ■ However, a full anal- 
ysis of the matter interactions of such large representations does not exist in 
the literature in any explicit form. Therefore one needs to address the ques- 
tion of fully evaluating these couplings in terms of Standard Model particle 
states. 

The focus of this thesis is the analytic determination of supersymmetric 
5*0(10) interactions in terms of irreducible SU{5) fields. We develop here a 
simple technique for the explicit evaluation of the couplings in terms of the 
physical degrees of freedom even for the case when the tensor representation 
that couples has a large dimensionality. As mentioned above, our technique 
is a natural extension of the work of Refs. |3J 0] which introduced the oscilla- 
tor expansion in the analysis of SO(2N) interactions. We wish to point out 
that there are other techniques jHOl EI] and in particular purely group theo- 
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retic methods to compute the Clebsch- Gordon coefficients in the expansion 
of 5*0(10) invariant couplings. Such group theoretic approach was used in 
Ref.fTHj to compute the E 6 couplings. Our approach is field theoretic and 
is specially suited for the computation of SO(2N) couplings. The analysis 
given here will greatly facilitate further 5*0(10) model building and inves- 
tigation of the detailed properties of baryon and lepton number violation, 
proton decay, neutrino oscillations and other low energy phenomena in this 
class of models. 

1.2 Outline of the thesis 

The outline of the thesis is as follows: In order to fully understand and appre- 
ciate the properties associated with SO(N) groups, we give a thorough and 
rigorous presentation on these groups in chapter 2. In particular, we discuss 
vector, tensor and spinor representations of SO(N) group, their complex and 
reality properties, SO(2N) group algebra in SU(N) basis, SO(2N) invari- 
ants and specialization to 50(10) case. In chapter 3 we outline an overview 
of the need for grand unification and its attempts. 

In chapter 4, we develop techniques for the decomposition of SO(2N) 
interactions in terms of SU(N) invariants jH]- This technique (The Basic 
Theorem ) uses a unique set of reducible SU(N) tensors in terms of which 
the SO(2N) invariants have a straight forward decomposition. The Basic 
Theorem is specially useful for couplings involving large tensor representa- 
tions and is central to the computation of any SO(2N) invariant couplings. 
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In chapter 5, we exhibit the technique developed in chapter 4 by perform- 
ing a complete determination jHj of the trilinear couplings in the superpoten- 
tial and the Lagrangian for the case of 5*0(10) involving the 16 plet of matter 
and 16 plet of Higgs, i.e., we give a full determination of the 16 — 16 — 10, 
16 — 16 — 120 and 16 — 16 — 126 couplings. The possible role of large tensor 
representations in the generation of quark lepton textures is discussed It is 
shown that the couplings involving 126 dimensional representation generate 
extra zeros in the Higgs triplet textures which can lead to an enhancement of 
the proton decay lifetime. These results also have implications for neutrino 
mass textures. 

In chapter 6, we carry the analysis a step further and give a complete 
evaluation [T^] of the 16 — 16 couplings which involve the 50(10) tensors 1, 45 
and 210. Further, technically the couplings of 16 — 16 are not necessarily the 
same as of 16 — 16 (as will be explained later). Thus, we give a full evaluation 
of the following couplings in their SU(5) decomposed form: 16 — 16—1, 
16 - 16 - 1, 16 - 16 - 45, 16 - 16 - 45, 16 - 16 - 210 and 16 - 16 - 210. 
An analysis of vector couplings: 16^ — 16 — 1, 16 T — 16 — 1, 16^ — 16 — 45, 
T6 1 " - 16 - 45, 16 f - 16 - 210 and T6 1 " - 16 - 210, is also given. 

In chapter 7, an analysis is given of the quartic couplings |1 9 j in the su- 
perpotential obtained from the elimination of the singlet, the 45 plet and 
210 plet of heavy Higgs fields from the cubic superpotential. Specifically, 
we compute [16 16]i[T6 16] 1; [16 16] 45 [T6 16] 45 and [16 16] 2 ioP 16] 2 io- Fur- 
ther, the possible role of large tensor representations in model building is 
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discussed [TT?]. 

In chapter 8, we present the complete supersymmetric couplings in the 
Wess-Zumino gauge containing the singlet and 45 of 5*0(10) and decompose 
the result into S77(5)xU(l) particle statesj20]. The question arises how one 
may construct the couplings of a 210 vector multiplet which does not belong 
to the adjoint representation. Here we need a new technique to address this 
question. The purpose of the next chapter is to do just that. 

In chapter 9, we consider the couplings of the supersymmetric vector 210 
multiplet |2()j in S'O(IO). We focus on this construction both for the theoreti- 
cal challenge of constructing such couplings as well as for the possibility that 
such interactions may surface in some future effective theories to describe 
fully all the degrees of freedom at some relevant energy scale. We follow the 
conventional approach and give the coupling of the 210 multiplet with 16 plet 
of matter, i.e., we compute the couplings 16^ — 16 — 210 and 16^ — 16 — 210 
in the Wess-Zumino gauge and carry out a full SU(5) x U{1) decomposition 
of it and elimination of the auxiliary fields. At the very outset we discard 
the constraint of gauge invariance since the imposition of such a constraint 
is untenable for the 210 multiplet. We consider the more general couplings 
of the 210 multiplet retaining all the components of the vector multiplet, i.e, 
we do not impose the Wess-Zumino gauge constraint 21. In this case elim- 
ination of the auxiliary fields leads to a non-linear Lagrangian with infinite 
order of nonlinearities in it. The general technique underlying this procedure 
is illustrated in Appendix C for the U(l) case. This analysis has some resem- 
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blance to the analysis of Ref . [""""j l2Hj which also used a unconstrained vector 
multiplet. However, the analysis of Ref. \2'2\ 123*] did not include an explicit 
mass term for the vector multiplet, nor the self interactions of the vector 
fields and it did not integrate the auxiliarly fields. In fact the motivation of 
the work of the above reference was very different in the sense that it was 
geared to study spontaneous symmetry breaking and generation of vector 
boson masses. Finally, in chapter 10 we present our conclusions. 
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Chapter 2 

The SO(N) Group 



In this chapter we present in detail the properties associated with SO(N) 
groups [SI IH El EH ESj that are of interest to a theoretical particle physicist. 
Specialization to 5*0(10) gauge group is also discussed. 

2.1 SO(N) algebra. Vector representation 

Definition 

A group G is a collection of elements gi such that 

(1) There is an identity element, 1 

(2) There is closure under multiplication: gi x g 2 — g% 

(3) Every element has an inverse: x g^ — 1 

(4) Multiplication is associative: (gi x gj) x g k = g { x (gj x g k ) 

Specifically, we have the continuous groups which have an infinite num- 
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ber of elements. The most important of the continuous groups are the Lie 
groups. The Lie groups of particular interest to us are all given as concrete 
groups of matrices. Clearly, a set of arbitrary N x N invertible matrices 
satisfies the definition of group. 

Definition 

The orthogonal group, O(N) is a group of N x N real orthogonal matrices, 
R obeying 

R T R = RR T = 1 (2.1) 

It is a group of rotation matrices in an iV-dimensional coordinate space. An 
arbitrary iV-dimensional real column vector, transforms as: 

X'^ = R^X U ; fi, u = l,...,N (2.2) 

Note that the group O(N) leaves invariant the scalar product: X' T Y'= 
(RXfRY =X T (R T R)Y = X T Y. Further, the group O(N) has two dis- 
connected parts as can be seen by taking the determinant of both sides of 
the above equation: det(R T R) = [det(R)} 2 = det(l) det(R) = ±1. 

Definition 

The special orthogonal group, SO(N) is a group of N x N real orthogonal 
matrices, R obeying 

R T R = RR T = 1; det(.R) = +1 (2.3) 
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Now consider the group element, R(a) of SO(N) which differ infinitesi- 
mally from the identity: R(a) 1 + a for a <C 1, that is 

R»v{a) = V + <V ( 2 - 4 ) 

The infinitesimal numbers, are antisymmetric in their indices since from 
Eq.(2.3) we get (1 + a) T (l + a) = l + a T + a + 0(a 2 ) = 1. Thus a T = -a, 
that is = —a Vfl . 
Also, Eqs.(2.2)and (2.4) implies 

SX'^ = X'^ — X^ = a iXV X v (2-5) 

Next, make a Taylor expansion of the group element, R(b): R(b) = R(0) + 
b^M^ + 0{b 2 ) where = (f^) . To explore the neighborhood of 
the identity, we only need to retain terms linear in b: R(b) = l+b^ v M^ v . This 
expression is for infinitesimal transformations. For finite transformations, let 
b^n = f^ 1 , where n is an arbitrarily large number and define 
R(a) = lim n ^ 00 (i?(6))- = lim^ (l + i(^)M^)" giving 

R(a) = e \ a ^ M ^ 
with a^ v = -a^ (2.6) 

The real numbers a^ v are the parameters of the group and specify rotation. 
M^'s are linearly independent matrices and are the generators. They are 
necessarily imaginary as R is real. The factor of | is chosen for convenience 
and the significance of % will be clarified below. Further from Eqs.(2.3) and 
(2.6) one can easily prove that the generators are antisymmetric: 1 = (1 + 
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<VMj, + ...)(1 + a^M^ + ...) = 1 + a^(Mj + M^) + 0(a 2 ). Thus Mj, = 

The reason for inserting % in Eq.(2.6) is because it is more convenient 
in quantum mechanics to use the ant i- Hermit ian generators (M^ = —M a p) 
rather than antisymmetric (Mj^ = —M a p). Then i?(a) in Eq.(2.6) is unitary 
{W = R^ 1 ). Of course this does not change the fact that SO(N) is a real 
Lie algebra. 

For infinitesimal transformation, Eqs.(2.2) and (2.6) gives X'^ 

[S^ + \ CLapiMa^^Xv, thus 

SX ^ = X M — X M = -a Qj a(M Q , /3 ) M;y X iy (2.7) 

Comparing Eqs.(2.5) and (2.7) we get a a/3 (M a/3 )^ = -2ia^ u = -i{a^ v -a vll ) 
= -i(S m S v/3 - S ua S^)a al3 and therefore 

{M O 0) liV = -i{5 lia 8 v f ) -5 va 5 ll f ) )\ l<fx<u<N (2.8) 

where the indices a and /3 are the ordinal indices of the generators, while \i 
and v are the row and column indices of the matrix. It can also be easily 
shown that 

tr(M a pM^) = -2{8 m 5 v p - 5^5 ua ) (2.9) 

Note that from Eq.(2.8) for /i — v. (M a p)^ = 0, that is the diagonal elements 
of the antisymmetric matrix M a p are zero. Thus, obviously tr{M a p) = 0. 
However, this trace condition follows from the condition det(i?) = +1 is 
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automatically fulfilled for antisymmetric matrices: 1 = det(-R) = e* r ^ ln ^ = 
e tr(He^ M n) = e W„tr{M^) and hence ^{M^) = 0. The matrix M afS is also 

antisymmetric with respect to the ordinal indices. 

Eq.(2.8) represents the vector (fundamental or defining) representation 
of the generators. It also shows that the only non-vanishing elements of 
the matrix M a p are —% and +i given by the intersection of the a th row, f3 th 
column (a y£ f3) and (3 th row, a th column, respectively: 
/0 .... 0\ 



M, 



a/3 



—I 



+i 



M, 



—M, 



(2.10) 



V0 . . . . 0/ 

The commutation relation satisfied by the matrices M a p can be easily 

calculated using Eq.(2.8): 



[M aP , M^] = -i(5 0ll M av + 5 au M^ - 6 aii M Pv - 5p v M ail ) (2.11) 



For a — /i, we obtain 



[M aj 3, M av \ = iMf3 U ; if a ^ (3 ^ v (no sum on a) (2.12) 

and if all indices a, [3, //, and v are unequal then Eq.(2.11) gives 

[M Q/3 ,M^] = 0; iia^P^v^v (2.13) 

All non-zero commutators can be obtained from from Eq.(2.12) and the anti- 
symmetry property: M Q/ g = —Mp ai while Eq.(2.13) states that the following 
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generators commute with each other 

M 12 , M 34 , M 56 , , M N N _i for AT even 

M 12 , M 34 , M 56 , , Mjv_ 2 for iV odd (2.14) 

The set y (or ^y^ for odd iV) mutually commuting generators is said to form 
Cartan subalgera. Thus the rank of SO(N) group is y or ^y^ depending on 
whether TV is even or odd. 

Note that we have used N x N transformation matrices, R to obtain the 
defining representation, M a p, and commutaion relations of SO(N). Other 
realizations are also possible. For example, under the transformation (2.7), 
an arbitrary function, f(X^) goes over to f'{X^) = f{X' v ) = f{X il 
+ ^{M^)^) « f{X,) + i a ^(M a/3 )^^^ = (1 + |L^)/(^), 
where L a/3 = (M a/3 )^X i ,^|-. Using Eq.(2.8), we get 

^ = - i(x 4;- x °a^ (2 ' 15) 

This is the generalization of the angular momentum operator for arbitrary 
space dimension N and satisfies the same commutation relations as Eq.(2.11). 
These operators act on wave function, ^(X M ), while the are the matrix 
representations (in the N dimensional Cartesian basis) of the components of 
angular momentum. 

The dimension of this Lie algebra is the number of independent param- 
eters, a^y. Recall that = —a VjX for ji < v and a MM = 0, so the dimension 
is the number of pairs, that is r^j = |iV(iV — 1). 
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2.2 Tensors of SO(N) group 

Recall that the orthogonal transformations preserve the scalar product: X T Y 
= / is an invariant. This invariant can be written using upper indices (or 
equally with lower indices) as 

I = X»Y» = Xn v „Y v (2.16) 

Given a set of basis vectors {e M }, a metric tensor g^ u , in an N dimensional 
space is defined through the equation: = e^e u satisfying g^g" 113 = 5^. An 
invariant is specified in the form 

I = X» 9lu ,X v (2.17) 

Eqs.(2.16) and (2.17) implies that the metric tensor 

Qixv = 5»v = e^e v (2.18) 

corresponds to the orthogonal group. Further, the metric tensor can be used 
to raise or lower indices of vectors (tensors): = g (W V v ^ = g^V v . Using 
Eq.(2.18), we get = V^. In other words the covariant and contravariant 
vectors coincide for orthonormal basis. From now on we do not distinguish 
between superscripts and subscripts. 

In general we can define a tensor, T MlM2 ... M , of rank p that transforms as 
the product of p ordinary vectors, X^. : 

^v^-.vp = -^i/ii-^2M2----^pMp^~MiM2---^p (2-19) 
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We now define a special kind of a unit totally antisymmetric tensor, e^^ iffA[ , 

called the Levi-Civita tensor as follows: 

+ 1 even permutation of indices 

— 1 odd permutation of indices > (2.20) 

, if any two indices equal J 

As a consequence of its antisymmetry: 



ai..a m vlV2...v N _ rH _ | rl^i r^JV-m /<-, r><->\ 

tQl..Q mAt 1^2...^iV-m e — °[Mr--°^iV-m] (^.ZZj 

Using Eq.(2.22) we can define the determinant of a matrix A as 



<^t( 4) = ^e^ 2 ..., N e^--^A^...A^ (2.23) 



Finally, multiplying both sides of this equation by € ^^-m aiK j use Eq.(2.22) 
to get 

e vw - VN A^\...A^ = e w-i**> det(A) (2.24) 

INVARIANTS OF THE SO(N) GROUP 

1. 2 nd rank isotropic tensor: Kronecker symbol 

R^icxRva 

= (RR T )»v 

= <V (2.25) 
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2. N rank isotropic tensor: Levi-Civita tensor 

= det(i?)e jU1 ^ 2 ... (Ujv 

— e ^ifM2---^N (2.26) 

where we have used Eq.(2.24) and the fact det(i?) = +1. 

Starting from a tensor of rank p and using one of the above invariant 
tensors, one can construct a new tensor, of smaller rank, by the operation 
of contraction. This consists of multiplying a rank p tensor by one of the 
invariant tensors and summing over the repeated indices. There are two pos- 
sibilities: 

(a) Contraction with 5^ v is a trace operation. 

<W2 T wm2«3../%, = T nws~» P = T^A-tip- Here tlie first two indices have 
been contracted but the operation can be applied to any pair. This leads to 
a tensor of rank p — 2. A tensor is said to be traceless if the contraction with 
a Kronecker symbol of any pair of indices vanishes. 



(b) Contraction with e 



/Ul/i2— jUjV 
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The contraction operation is related to reducibility. By definition, a ten- 
sor is reducible, if by one of the above contractions, one can get a new 
non-vanishing tensor of smaller rank. If that is not possible, the tensor 
is irreducible. As a consequence of (a), an irreducible tensor must satisfy 
£/*i/u2^)ii/i2M3"iup = an d from (b) it follows that the tensor must be symmet- 
ric with respect to the indices /ii, /i2, A*3 on which the sum has been performed. 

global symmetries (a a/ 3 independent of space-time coordinate, x) 

1. Scalar boson in the vector representation 



Introduce a set of N scalar bosonic fields by means of an iV dimensional 
column vector, <j)(x): 



The transformation law is the same as before (see Eqs. (2.2)and (2.6)): 



in terms of its components the above yields <f>'(x) = R^^x) pa (1 + 



<h( x ) 



<j>{x) 



(2.27) 



\(f) N (x)J 



<f>(x) -> (f)'(x) = R(j)(x) 



(2.28) 
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^dapMap)^,, and on using Eq.(2.8) we get: 

M x ) <f>'»( x ) = M x ) + a ^M x ) (2-29) 

Obviously, the dimensionality of the vector representation is (^fj = N. The 

generators in the N dimensional vector representation are given by Eq.(2.8). 

The Lagrangian for N real scalar bosonic fields given by 

1 N 1 
L = - E d A M x )d A Mx) = -d A <f{x)d A <P{x) (2.30) 
1 (i=i 1 

is invariant under global rotations, since L' = ^d A (j) /T (x)d A (f)'(x) = 
\d A [<t) T {x)R T \ x 8 A [R(f)(x)} = \d A <f(x)d A <P(x) = L. Here A is the Dirac in- 
dex (A = — 3) and where we are using the metric i] = diag(l, — 1, —1, —1). 

2. Scalar boson in the 2 nd rank (adjoint) antisymmetric tensor representation 

One way to define a second rank antisymmetric tensor, $^(= is 

= ® W^^c = £ ® ^ - <t>» ® <M (2-31) 

Then Eq.(2.28) gives = (R w <f> p ®R v x<i>x-Ru\<i>x®R w <i> p )=R w Q% ) Rl,. 
Hence the transformation law takes the form 

Writing this transformation law explicitly, we get [^p + f 

x ^pa'^a + f ^(^)if]' Expanding this expression using Eq.(2.8) we 

obtain 

- *% Y = + + a^f (2.33) 
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Dimensionality of the second rank antisymmetric tensor representation 
is (^j = 7}N(N — 1). This is also the number of generators of the SO(N) 
group. Hence this representation is also the adjoint representation of the 
group. Further, it implies that we have ^N(N — 1) vector gauge bosons 
denoted by W^ v having the global transformation law (2.33): 

W£ - W£ = W% + a w Wf v + a uX W* (2-34) 

In analogy with Eq.(2.30) we define the Lagrangian for N scalar bosonic 
fields 

1 N 1 
L = I E dA$$d A $$ = jtr (d A ^ A)T d A ^ A >) (2.35) 

and it is easily seen to be invariant under the global transformation (2.32) 
using the properties of trace. 

To find the generators in the adjoint representation it is convenient to 
write the transformation (2.32) in the following fashion 

- = \ (R^R^ 2 - R^ 2 R^) (2.36) 

Inserting Eqs. (2. 4) or (2.6) and (2.8) above, we get, $^-$^2 = l/2[(<J M ^a 
+ S^a^) - {y x <-> iy 2 )}^i A l 2 = a a p/2(M a p)^ fl2yU1U2 $^l 2 , where 

{Map) ii-Lfmnv* = 2 {fc"! (<W 2 ( W — ^av 2 ^Pni) + ^2^2 (<Wi<W 

SanfyuLi)] ~ Wi <-»■ ^2]} (2.37) 

are the generators of SO(N) group in the adjoint representation. 
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3. Scalar boson in the 2 rank symmetric and traceless tensor representation 



Second rank symmetric ($jf? = and traceless = 0) tensor can 

be formed from the product of two SO(N) vectors: 

1 S 

= ® <t>v) (7— r) = 2 ^ ^ + ^ ® ^ ~ a^" ^ (2,38) 

Here M ® M (= * s the singlet of SO(N) group. The dimensionality of 
$(5) is - l = IJV(JV + 1)-1. 
The transformation law is given by 

_^ $(5)' = r$(s)rT ( 2 3Q ^ 

Writing this transformation explicitly in terms of its parameters, we get 

*g - $ !f/ = *S? + + ^5 ( 2 - 4 0) 

The globally invariant Lagrangian for the symmetric, traceless tensor is 
given by 

L = l -tr (d A ^ T d A ^) (2.41) 

Another useful form of the transformation law for the evaluation of the 
generators in the \N(N + 1) — 1 representation is 

and as in the case of antisymmetric representation, the generators are found 
to be 

-<W<W)] + K ^ ^2]} (2.43) 

26 



4. Scalar boson in the general r th rank tensor representation 

In general, an r th rank antisymmetric and symmetric tensor representation 
of SO(2N) group can be formed from the antisymmetric and symmetric 
product of 0's as follows 



^l..., r = A £(-i) 5p </w (1) ® </w (2) ® - ® <^w w 
' • p 

SgL..* = ^ E ^ip(i) ® «W (2) ® - ® </Vp M (2-44) 
' • p 

with J]p denoting the sum over all permutations and Sp takes on the value 
and 1 for even and odd permutations, respectively. The dimensionality of 
the antisymmetric tensor is (^j , while the dimensionality of the symmetric 
tensor is ( N+ ^ 1 ). 

For illustration purposes, consider the case of irreducible 3 rd and 4 th rank 
symmetric and traceless tensors. The above equation (with trace subtracted) 
at once gives 

^MiLms = ^3) symmetric ~ j\T+~2 ^^'^ v ^ v ^^ 

<Pu + s^faiM*) ( 2 - 45 ) 

^M1M2M3M3 = (^Mi^V 2 ^M3^ 'Asymmetric ~ jy _|_ 4 i$ HiH2 ( t ) v < t ) v ( t > ti.z < t ) Hi 
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(N + 2)(N + 4) 

+ ^1M4^2M30M^^0m) ( 2 - 46 ) 

where, for brevity, we have removed the direct product symbols. 

In general, a p th rank antisymmetric tensor gives rise to an irreducible 
(N—p) th rank antisymmetric tensor through contraction with the Levi-Civita 
tensor: 

= ^[ e WAl2-/iJV-pl'l-fp^^.l/p (2.47) 

For N even (N = 2k), the tensor Mfc of dimension splits into two 

irreducible tensors flft"} „ and fif~°2 .< each of dimension | (7) according 
to the SO (2k) invariant decomposition of a tensor of rank fc, 



With ^vtX-V-k ~ 2 ^Ml^l^2^2'--^fc^fe ^ ^| e MlM2---Mfe^l^2...^^ 



IX\tX1...jXkV\V1....V k j ^ v\V2---V k 1 



{1 ; k=even ] 
\ ( 2 - 48 ) 
k=odd J 

Further, ^f^...^ also satisfies self and anti-self duality conditions: 

o(±a) , " o( ±Q ) f2 491 

Eqs.(2.48) and (2.49) will be proved later in a section related to spinor rep- 
resentations. 
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The transformation laws for the arbitrary rank antisymmetric and sym- 
metric tensors can be easily extended and put in useful forms such as 



$(A5) _^ $(A,sy = p d R $(A,S) 



MS)' ±_ 



5Z( 1) P -^Ml^lP(l)-^M2^2p(2)---^r^rp( r ) 



tf,(A<S) 



(A,S) 

iX\[i2..Vi..iX r -\ilr 



(2.50) 



1=1 



The generators of the SO(N) group in the r ift rank antisymmetric and 
symmetric representations are given by 



T ! 



1=1 3 = 1 



=F Wi <-> ^ 



(2.51) 



The invariant Lagrangian under global transformations is given by 



1 



i 

_ 2r! "/'j/'----/' ' /''"■! ■-/'< 



v 2 -52) 



LOCAL symmetries (a a/ 3 dependent on space-time coordinate, x) 



1. Scalar boson in the vector representation 



This time the scalar fields introduced through Eq.(2.27) must transform as 



(/>n(x) -> = ^(^^(rc) 



(2.53) 
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The kinetic energy given by Eq.(2.30): L = \ Yl^=\ dA<f>n{x) d A (/) fJ , (x) is no 
longer invariant under the local rotations (2.53), because dA<f>'(x) = R{x)dA<t>{x) 
+ [d a R(x)](f)(x) 7^ R{x)dA<t>{x). Just as in QED it is the transformation of the 
derivatives that will cause difficulties. By analogy with that case we require 
a gauge covariant derivative, Da, to transform as 



D A <j>{x) -> D' A <t>'{x) = R(x)D A <f>(x) 



(2.54) 



where Da is to be understood as a N x iV matrix carrying a Dirac index, A, 
and operating on the N component scalar bosonic field, <f>(x). 

There are ^N(N-l) group generators and we introduce one vector gauge 
boson, W A v (x) for each and define 



D A <t*(x) 



ig 



d A - ^-M,Mx) 



9 a _ l JLw A (x) 



4>{x) 



W A {x) = M, v W A {x) 



(2.55) 



where g is a coupling constant. 

Next, we determine the transformation law for the vector gauge bo- 
son. Substituting Eqs.(2.53) and (2.55) in Eq.(2.54) and using the fact 
R(x)R T (x) = 1 which implies [dAR(x)]R T (x) = —R(x)dAR T (x), we get 



W' A {x) = R(x) 



W A (x) + -d A 
9 



R T {x) 



(2.56) 



Using Eq.(2.8) and the expression, R(x) ps (1 + |a aj gM Qj g), we obtain after 
some algebra, the local transformation law for the vector bosons 



W A (x) 



W' A (x)=W A (x) + a w (x)W A (x) 
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+a uX {x)W A x {x) + ^d A a^{x), 
with W A (x) = -W A (x) (2.57) 

In analogy with QED, we define the field strength tensor, F AB (x) as 

[D A ,D B \ = -±F AB {x), 
where F AB (x) = M^F AB (x) (2.58) 

Substituting Eq.(2.55) into (2.58) and together with Eq.(2.8) and the in- 
finitesimal expression for R(x), we get 

Ffitx) = d A W B (x) - d B W A (x) - g [w A (x)W B (x) 

-W B a (x)W A (x)} (2.59) 

To find the transformation law for F AB we left and right multiply Eq.(2.58) 
by R(x) and R T (x), respectively, to obtain 

F' AB (x) = R{x)F AB {x)R T x (2.60) 

where we have used the fact that D' A (x) = R(x)DaR t {x) which follows 
directly from Eqs.(2.53) and (2.54). Note that Eq.(2.60) is in the form of 
Eq.(2.56), hence the corresponding infinitesimal result (2.57) applies without 
the derivative term: 

K B W - K A » B W = K B W + + ^(x)F AB (x) (2.61) 

After the introduction of local transformation the Lagrangian (2.30) must 
be replaced by 

L = ^D A( f) T (x)D A cf>(x) 
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= -d A <P,d A <P, - g (d A ^) W A <f>„ - y -<P»W A , v Wi<p a (2.62) 

In order to define the system including the new gauge field, W A v (x), it is 
necessary to include a kinetic energy term for W A (x): 

L = ~F ABtll/ (x)F AB (x) + l -D A 4> T {x)D A ^{x) (2.63) 

2. Scalar boson in the 2 nd rank antisymmetric tensor representation 

Recall from Eq.(2.32) that the second rank antisymmetric tensor, $^ trans- 
forms as & {A) = B&WR t . Then just as in the case of the vector represen- 
tation we want the covariant derivative to transform like Eq.(2.32): 

(DaQW)' = R(x) (DaQW) R t (x) (2.64) 

Then the covariant derivative, D A & A ^ in terms of Lie-valued gauge fields, 
which has the transformation property (2.64), is given by 

D A $W = dA $(A) _ % _l (w A $M + Wl$W) (2.65) 

Inserting the generators, we find the expression for the covariant derivative 
to be 

(p A ^)^ = d A <S>$ - g (W£*<$ - W**<$) (2.66) 
The total Lagrangian is 

L = -\f ab , v F ab + \tr (D A ^ T D A ^) (2.67) 
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3. Scalar boson in the 2 nd rank symmetric tensor representation 



Recall from Eq.(2.39) that the 2 nd rank symmetric tensor, transforms 
as = R&( S ^R T . Hence, the results for this case will be identical to that 
for the 2 nd rank antisymmetric tensor case. Therefore 

(V* (5) )^ = d A *$ ~ 9 (W£*g> - W£*g>) (2.68) 

L = -\f ab » v F* b + \tr (D A ^ T D A ^) (2.69) 

and of course 

(D A ^)' = R(x) (D A ^) R t (x) (2.70) 



4. Scalar boson in the general r rank tensor representation 



Recall from Eq.(2.50) the transformation law for an arbitrary antisymmet- 
ric and symmetric tensor of rank r: ^f 2 Y -^ = R ^i R ^ 2 --- R ^M^ ) ..u r - 
Hence, we require that the corresponding covariant derivative, D^J^'^' ^, 
transforms as 

(d a *w) = R^R^-R^ (DaQW) (2.71) 
The expression for the covariant derivative is then given by 
( d Aq(a,s)\ =d A^(A,sy _ Y(-l) Sp W A $ ( - 4 " s) ' 

(2.72) 
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For example, in the case of 3 rd rank tensor, the above result takes the form 



2.3 Digression: general construction of ma- 
trix generators of U(N)and SU(N) 



A general, unitary group, U (N) has iV 2 generators each of which is an N x N 
Hermitian matrix (unitarity of the group element implies Hermiticity of the 
generators). On the other hand, a general special unitary group, SU(N) has 
N 2 — 1, N x N Hermitian and traceless (unimodularity of the group element 
implies tracelessness of the generators) matrices as generators. 

UNITARY GROUP, U(N) 

The simplest representation of an N x N matrix is one that has all entries 
zero except one non- vanishing element with value 1: 




qAq(A,S)' ( W A $ (A5)' _ W A $ (A5)' , W A §(A,S)>\ 



(2.73) 



1 



i, j = 1,2, ...,N 



(2.74) 



Vo 
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The matrix U- has one matrix element with value 1 which is given by the 
intersection of i th row and j th column: 



(u})f = s ik s jt 



(2-75) 



Note that the off-diagonal matrices, U- (i + j), are non-Hermitian since 



(Uj)f = (Ufif* 1 = {Uj) l k = Sii5j k = (U-)f. However, the diagonal matrices, 



>„*T 



U; are Hermit ian: 



ur = ui 



(2.76) 



Collecting other properties of the matrix U- , we have 

tr(uf)=0; i + j 
tr (Uf) = 1 



(2.77) 



Now we build generators of U(N) by forming linear combinations of the 
matrices C/j for i + j so that they are necessarily Hermitian. The choice are 
the combinations 



u; + ui and /(r; r/) : v^j 



(2.78) 



One can easily verify the following properties of these matrix combinations: 



u; + ui =u; + ui 



-i ui-w 



-i {u} - ui) 



tr 



u) + ui 



0, tr [-i (U) - U() 



tr 
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(2.79) 



There are now a total of N 2 , N x N Hermitian matrix generators of which 
there are N diagonal generators, U\ and =) N(N — 1) non-diagonal 

generators, C/j + U{ and —i (llj — They are all linearly independent. 

Summarizing, 



Vi^j = l,2,...,/V; a = l,2,...N 2 



( U] + ul 



u a = { 



N{ - N 2 ^ generators ' 



-i (U) - Uf) generators 
U\ N generators 

An arbitrary group element of the U (N) group is then given by 



(2.80) 



(2.81) 



where the angles, $ a parametrize the group transformation. 



SPECIAL UNITARY GROUP, SU(N) 



We begin here by constructing traceless matrices, T % - from C/j as follows: 

Tj = U] - |l (2.82) 

These are traceless because (Tj)l = (Uj)l — 8j = Q"*; wnere we have 
used Eq.(2.77). However, the matrices Tj, for % ^ j are not Hermitian because 
from Eq.(2.76), C/j's are non-Hermitian for i ^ j. As before, we construct 
linear combinations of Tj's which are Hermitian: 

Tj + 7 y and /(VJ 7/): / / ./ (2.83) 
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Note that Tj + Tj = U] + \j{ and -% {T] - T/) = -% (jj] - U{) . 

The N diagonal Hermitian traceless generators are T\ — U\ — -^1 (Tf = 
T-). Since the rank of SU (N) group is N — 1, not all of the iV diagonal gener- 
ators are independent and iV — 1 of them can be simultaneously diagonalized. 
It is common to form the following linear combinations: 

ni (Tl + Ti+i) and n 2 (?? - 7& 1 ) ; i = 1, 2, N - 1 (2.84) 

where ni and n 2 are normalization factors to be determined. Note that these 
are a total of 2(N — 1) matrices and we may choose any N — 1 matrices. 
Next, we determine the normalization factors from the convention that the 
traces of squared matrices of SU(N) are equal to 2: 

tr (T'f) = 2 (2.85) 

From Eqs.(2.74) and (2.82), m (7? + T^ 1 ) = n x {\J\ + U\£\ - f l) = n x x 
dia# (--J, , 1 - f , 1 - f , , ), where the element 1 - f oc- 
curs twice at the intersections of a th row , a th column and (a + l) th row , (a + 
l) th column. Squaring this matrix gives n\ (T? + T^ 1 ) = nfdiag 

(1 - £ ) 2 , (1 - f) 2 , £). Finally, tr [n? (l? + 7& 1 ) 2 ] = n?[2(l- 

2^2 + (TV - 2)4j] = 2n 2 (^). On using Eq.(2.85), we get m - ^ 



The second normalization is rather easy to determine. From Eqs.(2.74) 
and (2.82), n 2 (7? - T^ 1 ) = m ([/? - E/& 1 ) = mdias (0, 1, -1, 0, .., 0). 
Squaring and taking the trace of this matrix gives tr 
Thus, from Eq.(2.85), we have n 2 = 1. 



2. 
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Summarizing, 



T 

-J- n 



a = 1,2,...N 2 - 1 

Af( -^~ 1 - > generators 



3 i 

-i(Tj - Tf) generators 

(7? + Tt+l) N — 1 generators 

{t}-t£±) 



; Vi^j = l,2,...,N 
; i = 1,...N-1 



(2.86) 



N — 1 generators 

Any A" — 1 of the total 2(N — 1) diagonal generators above are allowed. It is 
also instructive to express T a 's in terms of C/j's, 

a = 1,2,. ..AT 2 - 1 



N<yN 2 1 - > generators 



(t/j - Ui) generators 



; i = 1, ...N — 1 



; V//./ 1.2 V 

+ - 1 1) ^ - 1 generators " 
(t/J - ^i) AT - 1 generators _ 

The generators T a satisfy 

[T a ,T b ] = tf abc T c (2.88) 
An arbitrary group element of the SU (N) group is then given by 



[2.87) 



(2.89) 



where the angles, ip a , parametrize the group transformation. 
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2.4 SO(2N) algebra in a U(N) basis 

COMPLETE EMBEDDING OF U(N) INTO SO(2N) 



Let P and Q given by 

P = W + iX and Q = Y + iZ (2.90) 

be N dimensional complex column vectors of the U(N) group where W , X, 
Y and Z are real vectors. Then the U (N) group transformations, 

p> = SP, Q' = SQ 
S = e ib.M u(N) . rfS = S& = l; M u{N) = Ml {N) (2.91) 

leaves the following scalar products invariant: 

ptp = W t w + x t x 

QtQ = Y T Y + Z T Z 
q\ p = y t W + Z T X + % (Y T X - Z T W) (2.92) 
Now, define two 2N dimensional vectors as follows: 

,= Q, £ -Q (2.93, 
The above C/ (iV) invariants can now be expressed in terms of p and £ 

p T p = ry T ry + x T x 
£ T £ = r T r + z T z 
£ T P = y T ry + z T x 

ejp = Y T X-Z T W, J =^° 1 ^ ( 2 - 94 ) 
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Next, consider the SO(2N) group acting on the real 2N dimensional 
vectors p and £. Then, the SO(2N) group transformations 

p' = r p , e = Rt 

where R = e ia - Mso ^ 

with R T R = RR T = 1 and M SO (2N) = -MJ 0(2N) (2.95) 

leaves the following scalar products invariant: 

P T P, fp (2.96) 

Since these quantities in Eq.(2.96), which are SO(2N) invariants and are also 
U(N) invariants (see Eq.(2.94)), U(N) is a "natural" subgroup of SO(2N). 

Note that since R G SO(2N), the antisymmetric generators M S o{2N) in 
the basis of Eq.(2.93), can be written as 

M so(2N) = i ^ T *j (2.97) 

where A and C are real antisymmetric (A = — A T , C = — C T ) N x N 
matrices while B is an arbitrary real N x N matrix. 

Additionally, if we impose that R G U(N), then M S o{2N) is also a gen- 
erator of U(N): M S o(2N) 3 Mu( N )- Then the corresponding transformation 
must also leave the fourth quantity in Eq.(2.94) invariant: £ /T Jp' = £ T Jp =>• 
e m - M u(N) j e *«-^[7(jv) ^ under infinitesimal transformations takes the form 

M^ {N) J + 3M U(N) = (2.98) 
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Inserting Eq.(2.97) into Eq.(2.98) gives 

/ A B\ 

M U{N) = I 1 (2.99) 

where A is a real N x N antisymmetric matrix and B is a real N x N 
symmetric matrix. 

The number of independent elements in A and B are ^N(N — 1) and 
|jV(jV + l), respectively, giving a total of iV 2 independent elements in M v ^ N y 
The traceless matrices A (since A is antisymmetric) and the traceless part 
of matrices iB: i[B — -^tr(B)l] will form the adjoint iV 2 — 1 dimensional 
representation of the SU(N) group and the trace of B: j^tr(B)l will be 
an SU(N) singlet. This term generates the £7(1) group of complex phase 
transformations. Thus, we have the decomposition SO(2N) — > U(N) — > 
SU(N)®U(1). 

However, the adjoint and singlet representations of SU(N) is not the 
full story. There are other generators of SO(2N) that are not in M v ^ N y 
These remaining ( 2 ^) — N 2 = N(N — 1) generators of SO(2N) form two 
antisymmetric tensor representations of U(N): — K ± iL each of dimension 
\N{N-l): 

K L 
L -K 



(2.100) 



This can be seen from the following argument. From above we have learned 

(W\ 

that 2 iV dimensional real vector, , of SO(2N), decomposes into N®N 

\x) 

dimensional vectors of SU(N) corresponding to W ±iX. Further, the (anti- 
symmetric) generators of SO(2N) can be associated with 2 nd rank antisym- 
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metric tensors. Thus, under SO(2N) D SU(N) © U(l) decomposition: 

[2N®2N] as D [(N ®N) ® (N ®N)} 
D {N © N} as © {iV <g> © {iV © TV} 



'2iV N 
. 2 , 



[N(2N - 1)] D [\n(N - 1)| © |iiV(iV - 1) j © {AT 2 - l} © {1} 

(2.101) 



Altogether, 



A+K B+L 

M soi 2N) = I ) (2.102) 

B+L A-K 



Summarizing: 

• A^ 2 — 1 dimensional adjoint of SU(N) is formed from A + i (b — -^tr(B)l) 

• Singlet of SU(N) is formed from -^tr(B)l 

• Antisymmetric representations of SU (N) is formed from — K + iL and 
— K — iL each of dimensionality \N(N — 1) 

• A, K, L are real N x N antisymmetric matrices and B is a real N x N 
symmetric matrix. 

GENERATORS OF SU(N) IN TERMS OF SO(2N) 

For compactness and clarity we drop the subscript from M S o(2N) and write 
them simply as M. Looking at the block structure of M in Eq.(2.102), we 
can make the following assignments = 1, ..N) 

Aj = - X - (Mij + M l+N j+N ) , Bj = X - (Mi j+N + Mj l+N ) 
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K ij = l - (Mij - M l+N j+N ) , L ij = l - (Mi j+N - Mj l+N ) (2.103) 
The generators of U(N) group are C/j, defined by 

r; A} • /' I Yj (2.104) 
while the SU(N) generators, TL are given by 



t; = u;-^5] (2.105) 



while the U(l) generator, Y, is given by 

Y = Ut (2.106) 
Lastly, the broken generators of SO(2N) group, V tj and Vij are 

yij = _K« - iV j 

Vij = -K ij + iV j (2.107) 



DECOMPOSITION OF TENSOR REPRESENTATIONS OF SO(2N) UNDER THE 
SUBGROUP SU(N) ® U(l) 



The irreducible tensor representations of SO(2N) can be decomposed un- 
der SO(2N) D SU(N) ® C/(l) by forming tensor products and using Young 
tableau. 
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I. Vector of SO(2N) 



This case was already considered in the previous subsections: 

[2N] D {N} © {N} (2.108) 

2. 2 nd rank tensors of SO(2N) 

The antisymmetric tensor representation was also considered in the previ- 
ous sections 

[N(2N - 1)] D {1/2N(N - 1)} © {1/2N(N - 1)} © {iV 2 - 1} © {1} (2.109) 

In the case of 2 nd rank symmetric traceless tensor of dimensionality ( 2 " 2 F1 ) — 
( 2 ,f ), we get [2N®2N} S D {(N ©TV) © (iV ©iV)} s which on simplifying gives 

[iV(2iV + 1) - 1] d {1/2N(N + 1)} © {l/2iV(iV+ 1)} © {iV 2 - 1} © {1} 

(2.110) 

3. 3 rd rank tensors of SO(2N) 

Here we form an anti-symmetrized and a symmetrized product of three vec- 
tors and subtract off the trace in the case of a symmetric tensor representa- 
tion. 
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The result for the decomposition of antisymmetric tensor representation 
with dimensionality is given by 

[2iV/3(2iV - l)(N - 1)] D {l/6iV(iV - 1)(N - 2)} 
®{l/6N(N-l)(N-2)} © {1/2N(N + 1)(N- 2)} 

®{1/2N(N + 1)(N - 2)} © {N} © {N} (2.111) 

While the result for the symmetric traceless tensor representation of dimen- 
sionahty ( 2N + 2 ) - ( 2 f ) is 

[2iV/3(2iV + 1)(N + 1) - 2N] D {1/QN(N + 1)(N + 2)} 
©{l/6iV(iV + l)(iV + 2)} © {1/2N{N - 1)(N + 2)} 

®{1/2N(N -1)(N + 2)} (2.112) 



4. 4 th rank tensors of SO{2N) 

Using the technique as before, we have the following decomposition of the 
(^T) component 4 th rank antisymmetric tensor representation 

[1/QN(N - 1)(2N - 1)(2N - 3)] D {l/24iV(iV - 1)(N - 2)(N - 3)} 
©{l/24iV(iV - 1)(N - 2)(N - 3)} © {1/QN(N + 1)(N- 1)(N - 3)} 
®{1/QN{N +1){N- 1)(N - 3)} © {1/2N{N - 1)}{1/2N{N - 1)} 

©{l/4iV 2 (iV + 1)(N- 3)} © {N 2 - 1} © {1} 

(2.113) 
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For the case of symmetric traceless tensor representation of dimensionality 
( 27V 4 +3 ) - ( 27V 2 +1 )' the decomposition is 

[1/6N(N+ l)(2N+ l)(2iV + 3) - N(2N + 1)] D 



{l/24iV(iV + 1)(N + 2)(N + 3)} © {1/24N(N + 1)(N + 2)(N + 3)} 



®{l/QN(N + 1)(N- 1)(N + 3)} © {1/QN(N + 1)(N- 1)(N + 3)} 

®{1/4N 2 (N- l)(iV + 3)} 

(2.114) 

5. 5 th rank tensors of SO(2N) 

The 5 th rank antisymmetric tensor representation has dimensionality is 
and can be decomposed as follows 

[1/15N(2N - l)(N - l)(2N - 3)(iV - 2)] D 
{1/120JV(JV - l)(N - 2)(N - 3)(N - 4)} 
©{l/12(W(iV - 1)(N - 2)(N - 3)(N - 4)} 
©{l/24iV(iV + l)(N - 1)(N - 2)(N - 4)} 
©{l/24iV(iV + 1)(JV - 1)(JV - 2)(N - 4)} 



){1/6N(N - 1)(N - 2)} © {l/6iV(iV - 1)(N - 2)} 



){1/12N 2 (N + 1)(N - 1)(N - 4)} © {1/12N 2 (N + 1)(N- 1)(N - 4)} 



©{l/2iV(iV + 1)(N- 2)} © {l/2iV(iV + 1)(N- 2)} © {N} © {N} 

(2.115) 

For the case of symmetric traceless tensor representation of dimensionality 

46 



( 2Ar + 4 ) - ( 2N 3 +2 ), the decomposition is 

[1/15N(N + l)(2iV + 1)(2N + 3)(iV + 2) - 2N/3(2N + 1)(N+ 1)] D 

{1/12(W(JV + 1)(JV + 2)(iV + 3)(iV + 4)} 
®{1/120N(N + 1)(N + 2)(N + 3)(iV + 4)} 
®{l/24iV(iV + 1)(JV - l)(iV + 2)(iV + 4)} 
®{l/24iV(iV + l)(iV - l)(iV + 2){N + 4)} 
®{l/4iV 2 (iV - 1)(N + 3)} © {l/4iV 2 (iV- l)(iV + 3)} 

(2.116) 



2.5 Spinor representation of SO(2N) 

INTRODUCING CLIFFORD ALGEBRA 



The spinor representations of SO(2N) are most easily studied by the intro- 
duction of the generalized Dirac T matrices. To that end, recall that the 
special orthogonal group SO(2N) can be considered as those linear trans- 
formation (X' = R^Xy) on the coordinates Xl, X 2 ,..., X 2 n such that the 
quadratic form: Xf + X\ + ... + X\ N is invariant. Now, if we write this 
quadratic form as the square of a linear form of X^s, then 

xl + xl + ... + x 2 2N = (r 1 x 1 + r.x, + ...r 2N x 2N ) 2 (2.117) 

This requires that 

{V ll ,Y v } = 28^ fi,u=l,...,2N (2.118) 
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defines a rank 2N Clifford algebra. It is obvious from the last equation 
that 

= 1 no sum on /x (2.119) 

Multiply both sides of Eq.(2.118) by T u and use Eq.(2.119) to get IVT^ = 
(no sum on v). If we assume a matrix representation of T^'s, then taking 
trace of this last expression we get tr(I^) = tr{Y v Y = tr(—Y ^Y V Y V ) = 
—triTfj). Hence, 

tr(r^) = (2.120) 

EXISTENCE OF SPINORIAL REPRESENTATIONS 

We show the existence of spinorial represenations by explicit construction 
of r^'s. We necessarily make them Hermitian: r M = . This means we can 
choose a representation in which is diagonal. Thus, Eq.(2.119) implies 
that the (diagonal elements) eigenvalues of r M are either +1 or —1 and to- 
gether with Eq.(2.120) we conclude that the number of +l's and — l's have 
to be the same. Thus r M are even dimensional matrices. 

In general there are two ways to represent the T^'s. One is through the 
2^ x 2 N generalized Dirac matrices formed from the direct products of Pauli 
matrices. The other is by means of creation and annihilation operators acting 
on a Hilbert space. We will discuss both of these techniques, however, we 
rely heavily on the latter method. 
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Recall that the 2x2 Pauli spin matrices (N — 1) 

/01\ /O -i\ (I 

ffl= (i oj' * = (« oj' ^(o -i 1 (2m) 

satisfy the properties 

{a a ,a b } = 25 ah ; a, b =1,2, 3 (2.122) 

Thus, one possibility for 7^'s (/i = 1, 2, .., 2N) is to express them in terms of 
Pauli matrices in the following specific way 

F 2i = 1 <8) 1 <8 ... <8) 1 <8 oi <8> <7 3 (8) <7 3 (g) ... (g) cr 3 ; i = 1, .., iV 
r 2i _i = 1® l(8...<8l®cr 2 (8(7 3 (8(7 3 (8... ® (7 3 ; i = l,..,JV (2.123) 

The 2x2 identity matrix, 1, occurs (i — 1) times and c 3 occurs (N — i) times 
in each of these expressions above. Further, each of the a\ and a 2 occur 
once at the i th position. Each of the Kronecker products contain N, 2 x 2 
matrices. Hence T^'s are 2 N x 2 N matrices. It is very easy to verify that the 
r M 's given by Eq.(2.123) satifies Eq. (2.118). 

For the second technique, we define a set of N fermionic creation and 
annihilation operators hi and b\ (i — 1, JV), obeying the anti-commutation 
rules 

{M}} = a?; {6i,6i} = 0; &J} = (2.124) 
and represent the set of N Hermitian operators (/j, — 1, 2, .., 2iV) by 

r a = (&i + &!); r^x = -1(6* - 6t) 

r M = rt (2.125) 
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GENERATORS OF SO(2N) IN THE SPINOR REPRESENTATIONS - CONSTRUC- 
TION OF SPINORS 

First, recall that the 2N x 2N matrix, R, is an orthogonal matrix: R T R = 
RR T = 1 and is associated with rotations through angle in the /i — v 
plane in the 2N dimensional coordinate space: X'^ = R iiiV X v where R(a) = 

e %a ap M aP witll Q ^ = 

In order to construct the generators and spinors in SO(2N) we ask the 
following two questions 

How does T M transform under the transformation X'^ = R^ U X V ? 
The answer is simple. The following transformation on T M : 

v^y'^r^y, (2.126) 

will generate the Clifford algebra: jr^, T^j = 25^. 

How does an SO(2N) spinor, ^(X), transform under the transformation 

yi p y 7 

To answer this question, we define the following transformation on the spinor 

-> V'(X') = S(R)V(X) (2.127) 
where we have introduced a spinor by means of an 2 N dimensional column 
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vector 



(2.128) 



\^ 2 n(x)J 

The unknown transformation matrix, S(R), induces a similarity transfor- 



mation on the matrices T M : 



r; = s(R)r^s-\R) 



(2.129) 



This is true because r' given by Eq.(2.129), also satisfies the Clifford algebra. 
S(R) is called a spinor representation of the SO(N) group. The notation A 
is usually used for the spinor representation. 
Eqs.(2.126) and (2.129) implies 



R» V T V = S{R)Y ll S-\R) 



(2.130) 



Next, we construct the explicit form of the transformation matrix, S(R). We 
write 

S(R) = e -T a <*^ (2.131) 

where S Q/ g are the spinorial generators to be determined. For infinitesimal 
rotations Eqs.(2.130) and (2.131) gives (l - fa^E^) (l + fa^E^) = 
Y u (5 UfJ , + a u/x ). On simplification, it gives 



(2.132) 



51 



Note E MI/ is antisymmetric (E^ = — E„ M ) as expected and Hermitian (Ej^ = 
S^). One useful form of E^ is in terms of creation and annihilation oper- 
ators. Using Eqs.(2.125) and (2.132) the generators can be easily put in a 
more useful form 



J 2j-1 2k-l 



->2j 2k-l 



E 2 j 2k - 77 



4] - 7^ K 6]] + < (&A + &J&I) (2-133) 



Further, these generators satisfy the usual SO(2N) Lie algebra 



P/il/) ^po] 2i ((J^pS^u 5^ a Yl u p ^vp^fXC + ^I/CT^Up) 



(2.134) 



Note for /i 7^ z/ 7^ p 7^ a, [S^, E pCT ] = 0. This implies E M!/ and E p(T can be 
simultaneously diagonalized, that is there exists a basis in which both E MI/ 
and E p(T are represented by diagonal matrices. It is clear from Eq.(2.133) 
that E 2 fc 2fc-i are the iV diagonal generators and form the Cartan 

subalgebra of SO(2N). 

As a concluding remark, observe that the group element S(R) is unitary. 
This is because E^'s are Hermitian. 



(2.135) 
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SCALAR BOSON IN THE SPINOR REPRESENTATION 



global transformation 



Assuming the parameters, a a p to be independent of space-time, the kinetic 
energy for the spinors given by 

L = d A ^d A V (2.136) 

is globally invariant because d A ^d A V = 9 A (* t 5 , - 1 )9 A (S'*) = d A ^d A V, 
and where we have used Eqs.(2.127) and (2.135). 

local transformation 

Here we introduce the covariant derivative, D A , just as in the case for trans- 
formation of vectors and tensors under local transformations 

(2.137) 
with D A transforming 

D A — > D' A = SDaS- 1 (2.138) 
The covariant derivative acting on the spinor 

(2.139) 

The corresponding complete locally invariant kinetic energy for the spinors 
is 

L = {D A ^D A ^ - -F ABilv F A * (2.140) 
53 



D = 



d A - l ^w A 



(D A % 



d A - l {(^)„w A , 



where the second term represents the kinetic energy for the gauge fields, W A V 
(see Eq.(2.59)). 

FERMION IN THE SPINOR REPRESENTATION 
global transformation 



In the case of global transformations the kinetic energy is the Dirac La- 
grangian, 



where \1/ = and j A are the Dirac matrices of the Lorentz group. 
local transformation 

In the case of a locally invariant kinetic energy we must replace the ordinary 
space-time derivative in the previous equation by the covariant derivative 
and add the kinetic energy for the gauge vector bosons 



(2.141) 




iAB 

/J.U 



(2.142) 



where the interaction gauge-fermionic part of the Lagrangian is 



V 



(2.143) 
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ABSTRACT SU(N) SUBGROUP 



We begin with the identification that the operators u), given by 



H, bj = -bjbj + Sij 



(2.144) 



satisfy the U (N) algebra 



(2.145) 



That is, they are the generators of U(N) group. Further, the operators, 
can be easily expressed as linear combinations of the SO(2N) generators, 
E^'s, as follows 

1 



Uj — ^ (i^2i 2j + ^2j_l 2j-l + ^2i 2j-l + ^2j 2i-l) 



(2.146) 



Hence, the u*-'s generate a subalgebra, that is, U (N) is a subgroup of SO(2N). 
If one recalls from Eq.(2.104), u*- is expressed in terms of an antisymmetric 
tensor, A*- and symmetric tensor, B*. These are identified here as 



u) = A) + iB) 



= --MM-[b)M) 



B) = -([blb,] + [b},b t 



(2.147) 



Let's now identify all the spinorial generators of the SO(2N) group under 
the subgroup decomposition: 



SO(2N) 



D 



SU(N) x U(l) 
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N(2N - 1) 's D 



AT 2 - 1 
|JV(JV - 1) 
±N(N-1) 



tys 

V ij 's 



'8 



(2.148) 



y 



Generators in the adjoint representation 



k=l 
N 



1 JV 

1 



fc=l 



2j + ^2j_l 2j-l + ^2i 2j-l + 2i-l) 



N 



2N 



2k 2k-l 



(2.149) 



fc=i 



One can identify these real (tj = t{) operators, tys of the abstract SU(N) 
group with the generators Tj's of the matrix SU(N) group (see section 2.3), 
and construct Hermitian operators, t a , exactly like Hermitian traceless gen- 
erators which are given by Eq.(2.86), 



ta 



a = 1, 2, ...N - 1 

N(N-l) 



generators 



N(N-l) , 

— ^ — - generators 

A/" — 1 generators 

AT — 1 generators 



; Vi^j = l,2,...,N 



(2.150) 



; i = 1,...N-1 



The Hermilian generators, t a , can be expressed m terms of the real genera- 
tors, ty by means of Hermitian traceless NxN matrices, T a (T a = Tj, trT a = 
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0) introduced in section 2.3, through the equation 

t a = l -{T a ))i (2.151) 

Using Eq.(2.149) we get 

t a = -b](T a /2))b t = -b)(T:/2)lb^ a = 1, N 2 - 1 (2.152) 
Clearly, t a 's satisfy 

[t a ,t b ]=tf abc t c (2.153) 
where f abc are the structure constants of SU(N). 

Y: U{1)y generator 

N at N 1 

Y = E < = -V - E ^ = o S ^-i 2k (2.154) 

k=l Z k=l Z 

Y commutes with all the generators of the SU(N) group and hence gen- 
erates a U(l) subalgebra. One can easily verify that Y (&J 1 &j 2 ...&j m |0 >) = 
— rnj x (b\ i b\ 2 ...b\ m \Q >). This shows that the representation, [to] = 
b il b\ 2 ...bl m \0 > in the spinor representations of SO(2N) has U(l)y charges, 
Q Y = y — to, up to a normalization. Summarizing 

[m]^6j 1 6j 2 .4 m |0> 
Y [to] = (N - 2m) [to] (2.155) 

That is, the representation, [to] has N — 2m, U(l) charges. 
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V lj and Vif Antisymmetric tensors of SU(N) 



V % i — b\b^ — - (Yi2i 2j-l — ^2j 2i~l + i^2i-l 2j-l ~ i^2i 2j) 
Vij = bibj = — ( — T,2i 2j-l + ^2j 2i-l + V£>2i-\ 2j-l ~ V^2i 2j) (2.156) 

2.6 Decomposition of SO(2N) spinor into an- 
tisymmetric tensors of SU(N) 

Having shown the complete imbedding of SU (N) in SO(2N), we expect that 
an arbitrary 2 N spinor \1/ of SO(2N) can be represented by SU(N) tensors, 
^hi 2 -ir Q f r th rank; ^ = (ip^ii^iii2 ^^hi2-iN^ These SU(N) tensors have 

to be necessarily antisymmetric in their indices as can be seen by a simple 
dimensionality argument. Write the 2 N dimensionality of SO(2N) spinor 
as (1 + 1) N and use binomial theorem to write this further as J2k=o (^) = 
1 + N + 7}N(N — 1) + ... + 1. These are exactly the dimensionalities of 
antisymmetric tensors. 

We want to construct a basis for antisymmetric SU (N) tensors and also 
a basis for the SO(2N) spinor. For this reason we introduce a Fock vacuum, 
|0 >= |0,0, ..,0,0 > (N unoccupied states), annihilated by the destruction 
operators 

fr.|0>=0; Vi = l,...,N (2.157) 

One i th occupied state for a fermion out of a possible N states could be 
denoted as a ket state Qi = |0, 0, .., 0, 1, 0, ..0 >= b\\0 >. One can then, in 
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principle, generalize it to ket states of the form: 



n m ,i 1 i 2 ...i rn = b\ 1 bt 2 ...bijo> 



(2.158) 



denoting a state occupied by m fermions in positions i±, 12, .., i m . These 
strings of O's and l's span a 2 N dimensional Hilbert space. The corresponding 
bra state is 

<w..* 2 u =< 0\b im -Kbn (2-159) 

It is very easy to verify that the ket and bra states satisfy the orthonormality 
relations 

for r = s } 

(2.160) 

for r/s, 

Thus, the ket states flm,hi 2 ...i m form a basis for the m th rank antisymmetric 
tensors of SU(N) and the collection of these states {fi m } for < m < N form 
a basis for the SO(2N) spinor with expansion coefficients being the antisym- 
metric tensors of SU(N): ^ = k Fl ip + hVt^ 1 + ... + k N Vt ili2 ... iN ^ hi2 - iN . 
/cj's are normalization constants and are determined through the invariant 
scalar product (see Eqs. (2.127) and (2.135)): ^' t ^ / = where 



N 



^ = E -iC..,^' 1 - 



m=0 



where if). 



..ii 



1> 



(2.161) 



Finally, 



JV 1 p 

* = ]T-^llbl q \o> 

p=0 V- q=l 



(2.162) 
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2.7 SO(2N) chirality and projection opera- 
tors 

Recall that <t 12 , cr 34: ,...,a2N-i 2N can be simultaneously diagonalized. There- 
fore, we define the SO(2N) group chirality operator T as 

N 

r = II ^2k-i 2k = {-i) N V l Y 2 ....Y 2N (2.163) 
fc=i 

Other easily verified forms of T which are useful for later computation are 

N N 

ro=n[^4] = Il( 1 -2&K) (2.164) 

fc=l k=l 

One can further easily verify the following properties of the chirality operator 

rj = r 

tr(T ) = o 

{r ,r M } = o 
r 2 - i 

[r ,5V] = (2.165) 

Now, T commutes with all the generators S M y's. This implies that the spinor 
representation, S(R) (= e J / 2a «/ 3E «' 3 ^, also commutes with r : [r , S(R)\ = 0. 
This, together with the fact that T ^(constant)l (see Eq. (2.163)), we 
conclude, using Schurs lemma, that the 2 N space is reducible. Further, from 
Tq = 1 we can decompose the 2 N dimensional spinor into two 2 N ~ 1 irreducible 
representations: A + and A_, corresponding to the eigenvalues +1 and —1 of 
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T : r ^ = ±\P. Thus, we write 

A(2 7V ) = A + (2 7V ~ 1 ) © A_(2 iV ^ 1 ) 



*(±) = ^ (i ± r ) * 

r * (±) = ±* (±) (2.166) 



Also one has 



Generators of A± : ^(1 ± r )S^ = '-(1 ± T ) [r„, T u ] (2.167) 

^( + ) and are called semi-spinors and they transform as two inequivalent 
representations. 

Note that on using Eq.(2.164), one finds T bj = — b\r . It is then gener- 
alized to 

r &lX-4jO >= (-1)^^1-110 > (2.168) 
Using Eqs. (2.166) and (2.167) in Eq. (2.162) we get, for N =odd, 

*+ = e V-^n&ijo> 

p=0,2,.. g=l 
AT i p 

*-= e -iT-* n > ( 2 - 169 ) 

p=l,3,.. 9=1 

while for iV=even, the sums above terminate at iV and N — 1 for and 
respectively. In general, the p index tensors of SU(N) can be reduced 
to N — p index tensors using the Levi Civita tensor of SU(N): 



p! 

61 



As is evident from Eq.(2.169), positive chirality components of a spinor con- 
tain antisymmetric SU(N) of even rank, while the negative chirality compo- 
nents have odd rank tensors. Thus, for odd N: 



SO(2N) D SU(N) x U(l) 

2-3[p)]e[g)]e...e[p)] (2.171) 

While for even N, the top and bottom expressions in Eq.(2.171) terminate 
at [(JJ)] and [( kN N _ 1 )} respectively 

The quantities |(1 ± r ) are projection operators as they possess the 
following properties 



p + = \(i + t ), p_ = i(i-r„) 

p2 = p + p2 = p 
P+P_ = P_P + = 

P+ + P_ = l (2.172) 

Using the infinitesimal form of Eq.(2.131) and the fifth equation in Eq.(2.165) 
it is seen that P± commute with S(R) and S~ 1 (R), 

P±S(R) = S{R)P±, P±S-\R) = S-\R)P± (2.173) 

Next, consider the transformation properties of the semi-spinors. Using 
Eqs.(2.127) and (2.173) in Eq.(2.166), we can write *' (±) = P±tf' = P±S{R)ty 
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= S(R)(P± i &). One can consider the same strategy to find the transformation 
property for ^\±y The results are 

*(±) - *( ±) = S(R)* i±) 

*(±) - *'<±) = ^^(P) (2-174) 

We now collect some useful results regarding the projection operators. 
Using the definition of P± and the fourth equation in Eq.(2.165) we get 

p+ = +r p+, P- = -r p_ (2.175) 

Using the third equation in Eq.(2.165) we can show 

y ii p + = p.y ii , r„p_ = p+r,,; M = i,2,...,2JV (2.176) 

Using Eq. (2.176) and the fifth equation in Eq.(2.172) it follows that 

p + r w r^...r Atfe p + = 0, p_r, 1 r /a ...r, t p_ = o ; fc = odd & fc < n (2.177) 
p + r w r (8 ...r w p_ = 0, p_r M r A42 ...r Aifc p+ = o ; fc = even &, k < n 

(2.178) 

Consider the product 7 = P + r 1 r 2 ..r JV P + (AT even). Using Eq.(2.175) and 
the definition of To (Eq.(2.163)), we can write this product as I — (— i) N P + Y\ 
x r 2 ..rjvr 1 r 2 ..r A rrjv +1 rjv+2--r2AfP+- Next, we make use of the Clifford al- 
gebra (Eq.(2.118)) to conclude I = (-i) N (-l)^k=i P + T n+1 T n+ 2..T 2 nP+- 
In general an ordered product of N distinct T's, r A r +1 r A r + 2..r 2 Ar, can be ex- 
pressed in terms of the unordered product of the leftover N distinct T's using 
the Levi Civita tensor. This is possible since there are 2N distinct T's: 

rAr + ir A r + 2..r 2 Ar = —< v 1 1 1 '/ \ (2.179) 
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Using Eq. (2.179) and the fact (—i) N (— l)^k=i = (—i) N2 in the expression 
for I, we get P + T 1 T 2 ..T N P + = — ^— < :2.. P. r h T j2 ...T jji /\ . One can 
similarly consider an identical product with P + 's replaced by P_'s and also a 
product with P's of opposite chirality. The results can now be summarized 

as 

N even 

p ± rir 2 ..r7vP ± = ±^ei 2 ... n51 j 2 ..^P±r il r :; - 2 ...r JJV p ± 
1 

p ± rir 2 ..r A rP T = i — < .•_<.. .,,; U .,.., M p : r, i' ; .---i'., v /,: (2.18O) 

It is also very easy to see that the result for a product of odd number of T^'s 
sandwiched between projection operators of opposite and same chirality will 
be 

N odd 

p ± rir 2 ..r A rP T = ±— ei 2 ... nilj2 ... ijv p ± r il r i2 ...r jjv p T 

P±TiT 2 ..T N P± = | —( :■>... ,. JII: ,...j x l ) : 1',. 1',,...!', v P. (2.181) 

2.8 Anomaly cancellation of the spinor rep- 
resentation 

Using Eqs.(2.168), (2.172), (2.175) and (2.155) we can write [23] 

P ± Y k 01X-4JO >) = Y^ {N - 2m)k ( 6 W- 6 t»l° >) ( 2 - 182 ) 
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The F fe -anomaly, A±(Y k ; N) = tr±Y k for the ± chirality spinor representa- 
tion is given by 



A ± (Y k -N)= £ f^ V ±( o 1} (N-2m) k 



m=0 



(2.183) 



where we take into consideration that each of the components, (^j, of the 

SU(5) tensor, ^*^ 2 --- im ) has charge, N — 2m. 

One can now easily prove the following results 

±1 ;N=1 



A±(Y;N) 



;N^1 



(2.184) 



A ± (Y 3 ;N) = { 



±24 



(2.185) 



;N = 3 
±1 ;N=1 
1, ) 

From this one can conclude that the spinor representations of SO(2N) are 
17(1) anomaly-free for N = 2 and iV > 4. The cases iV = 1 (SO (2) = 
£7(1)) and iV = 3 (5*0(6) = S77(4)) have, indeed, an anomalous spinor 
representation. 



2.9 Charge conjugation under SO(2N) group. 
Complex and real spinor representations 
of SO(2N) 

For infinitesimal transformations (a a p <C 1), Eqs.(2.127) and (2.131) give 
5^' = \P' — \P = — |a Q/ gE Q/ g^/. This expression, after complex conjugation 
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and the fact that X^'s are Hermitian (S*^ = X^), takes the form, 8^f'* = 
ja a pT,Tgty* . Now consider an invertible matrix, B, and left multiply the last 
expression for 5^'* to obtain 

* C = B -1 **; BB- 1 = B- X B = 1 (2.186) 

If \l/ c is to remain invariant under SO(2N) transformations, then \l/ c must 
transform in the same way as Thus 

^ c _> m c ' = S(R)^ C 
5V C ' = l -a aP (-E Q/3 ) M> c (2.187) 

Comparing Eqs.(2.186) with (2.187) gives 

B-^B = -X Q/3 (2.188) 

The left hand side of Eq.(2.188) using Eq.(2.132) can be written as B^Ti^B = 
-{[(B- l T T a B)(B- l T T pB) - (B- l T T p B)B- l T T a B)}. This would be equal to the 
right hand side of Eq. (2.188) if 

B- l Y T a B = ±Y a (2.189) 

To see how r transforms under charge conjugation we use Eq.(2.163) to 
write B^TqB = (-i) N (B~ 1 T^ N B)...(B' 1 T^B)(B- 1 TjB). Using Eq. (2. 189) 
we get B^YlB = (-2) Ar (±l) 2JV (-l)( JV - 1 )+^- 2 )+-+ 2 + 1 r 1 r 2 ...r 2iV . Thus 

B^TqB = B^Y^B = (-1) N T (2.190) 
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where the second expression in Eq. (2.190) follows from the fact that T is 
Hermitian (see Eq.(2.165)). 

Next, we take on the task of determining the explicit expression for the 
charge conjugation matrix. To determine the specific representation of B we 
first have to define the basis for T^'s and specify the behavior of T^'s under 
charge conjugation (see Eq.(2.189)). For illustrative purposes, let's assume 
the basis to be = T 2i , r^_ 1 = — T 2i (i = N) and lets assume that T M trans- 
forms under B as B^T^B = —T^. Then the correct form of B is YiiLi T 2 i-i 
for odd N. This is true because B^F^B = (— l) N T2i = —F 2 i and similarly 
for B^T^i^B = — (— l) N ~ 1 T 2 i-i = — r 2 i_i. Under transposition this spe- 
cific representation of B can be evaluated as follows: B T = T 2N _ 1 ...T^Tj = 

(-i) Jv r JW _ 1 ...r s r 1 = (-i) Ar (-i)^- 2 ) + ^- 1 ) + - +2+1 r 1 r 3 ...r 2JV _ 1 

= (-l)^R 

There are two choices for the basis of r M 's. These are 
(A.) Basis: F 2i = ~r 2l , F^_, = F 2l ^ 

Within this set there are two possible choices for the representations of B 
corresponding to ± sign in Eq.(2.189) 



Set Ai = < 



B- l YlB = (-1) N+1 F, 



(2.191) 
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Set A 2 = < 



B-^B = (-l)X 



B = Uf =1 T 2t , B 



r 



(2.192) 



^B.) Basis: rf. = T 2l , = -F^ 



Set Bi = { 



B-^B = (-1) N+1 T, 



N(N-l) 



(2.193) 



Set B 2 = 



iV(iV+l) 
— 1 2 5 J 



(2.194) 



One can choose any of the four representations of B. The Set B 2 is the most 
frequent choice. Further, representation free properties of B are 



B< 



-l) - 3~ 1, = 5^ = ( — 1) ~ B 



N(N-l) 



(2.195) 



that is, B is unitary. 

To investigate whether the representations of a particular SO(2N) group 
are real or complex, we need a deciding quantity, Q = B~ l [\(l ± r )S Miy ]*S. 
More will be said about the significance of this quantity in the next sec- 
tion. Here we will simply evaluate the quantity. Noting that Tq = Tq and 
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E* = E:^,, the expression for Q can be simplified to Q = |[S 1 E^ l/ i? ± 
(fi- 1 r^ J B)(fi- 1 E^fi)]. Use of Eq.(2.190) at once gives 



B- 1 



1 



2 



v l =t Tq) E MI/ 



5 



(2.196) 



To find a connection between between the spinor representation, A (group 
element: S), and its contragredient representation, A (group element: 
(ST)- 1 ), consider the product, Z = B^S^B. Use of the Eq. (2.131) and 
(2.188) gives Z 1 + |a Q/3 E a/3 « S* -1 . Finally, left and right multiplying by 
B and -B -1 , respectively, and taking the inverse on both sides of the equation, 
we get 

(^ T ) _1 = BSB- 1 (2.197) 

The representations A and A are unitarily equivalent as seen by the Eq.(2.197). 

From Eq.(2.187), we can write B' 1 ^*' = SB' 1 ®. Left multiplying by 
B and using Eq.(2.197) we get the transformation of a spinor under the 
contrgredient representation: 

^* _, = (S^ 1 (2.198) 

Transposition of this equation gives: = ^S^ 1 , this is Eq.(2.135), which 
was obtained independently. 

One last observation about the transformation of spinors is that there is 
one more quantity that transforms like SE^. From Eq.(2.127), we can write 
B^f' = BS$ and using Eq.(2.197) we can we obtain 

(BV) -> {BV) = (S 7 )- 1 (BV) (2.199) 
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Taking the transpose of this equation we can write 

(B^f -> (B^'f = (B^) T S' 1 (2.200) 

which transforms like 

It is worth summarizing the transformation properties of the above spinors 
as they will be very useful later on in looking for SO(2N) invariants. 

Spinor (Cogredient) representation, A: S(R) 

-> = 

(fi- 1 ^*) -> (fi- 1 ^*') = S (fi- 1 ^*) (2.201) 
Contragredient representation, A: (S T (R))~ 1 

(fltf) -> = (S^y 1 (BV) =>• (BV) T -> (£tf') T = (B^) T S* -1 (2.202) 

A useful result for the construction of invariants later is a property relat- 
ing charge conjugation operator and the projection operators: P±B = BP± 
or BP T according to whether N is even or odd, respectively. This result 
does not depend on the representation of B. Using either representation 
(n^il^a-i, Ua=i^2a) and togther with Eq.(2.190), one can very easily 
prove the above result. Collecting 

P ± B = BP±; N even 

P ± B = BP T ; N odd (2.203) 
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Similarly, one can, with relative ease, prove 

PlB = BP±, BPl = P±B, B^Pl = P ± B- 1 ; N even 

PlB = BP T , BP± = P T B, B~ x Pl = PtB- 1 ; N even (2.204) 

These properties of projection and charge conjuagation operators are going 
to be very useful when looking for non- vanishing SO(2N) invariants. 

CCOMPLEX AND REAL SPINOR REPRESENTATIONS OF SO(2N) 

To motivate the discussion under this topic, assume A"j_ and A* (contra- 
gredient representations) to be the complex conjugate of the irreducible rep- 
resentations, A + and A_, respectively. Further, recall from Eq.(2.167) that 
Lffi = [|(1 ± ro)S M;y ] represents the generators of A±, therefore the gener- 
ators of A* ± are — Lffi* = — [|(1 ± r )£ MI/ ]*. This is because if under A ± : 

If A ± is equivalent to A?j_ (A± ~ A±), then there exists a charge conju- 
gation (unitary) matrix B, such that B~ l [—L^*]B = Lffi and the repre- 
sentation is said to be real. 

If, on the other hand, the representation is complex: A?j_ ~ A T then 
in this case the generators in the A± are related to the one in A^ by 
B- X [-L$*]B = Lf). 

In the case of real representations, the consequences due to the existence 
of matrix B are now going to be explored. Start with B~ l \— Lffi*]B = 
L^) and take complex conjugate of this equation to get, B T L l ^)(B~ l ) T = 
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—Lffi*. Eliminating Lffi* between these two equations and left multiplying 
the resulting equation by (_B _1 ) T _B, we get [Lffi, (_B _1 ) T _B] = 0. Then Schurs 
lemma implies (£> _1 ) T .B = Al, with A being a constant. Left multiplying this 
last equation by B T gives B = \B T . Transposing this equation we obtain 
B T = XB. It is now easy to see from the last two equations that A 2 = 1. 
Thus we have two cases: B = +B T with B*B = +1 and B = —B T with 
B*B = — 1. We now go a step further and investigate the possibility of 
finding real representations which satisfy these two conditions by B. 

We will now prove that in the first case of unitary symmetric, B (B = 
+B T , B^ 1 = B^), one can find a basis such that representations are real. 
To make progress, we begin by writing B as the product of a unitary ma- 
trix, U (U^ 1 = W) and its transpose: B = UU T (certainly B is unitary 
symmetric). Inserting this expression for B in B'^-L^B = L$ and 
left and right multiplying the resulting equation by U and £/ _1 , respectively, 
we obtain —(ULffiU~ 1 ) T = ULffiU -1 , where we have used the fact that 
Lffi are Hermitian as is evidenced by the explicit expression for above. 
If we define a new set of generators in this basis as iff = ULffiU^ 1 and 
take Hermitian conjugate on both sides of this expression we conclude that 
iffii = iffi. Further, it also follows that lffi T = —iffi- Thus, the generators, 
iffi, are purely imaginary and antisymmetric. Therefore, the representations 
Q-^apvi^J w jjj rea j_ xhey are also referred to as strictly-real or real-positive 
or orthogonal-like representations. 

In the case when B is unitary antisymmetric: B = —B T , B^ 1 = B\ 
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one cannot find any basis in which the representations are real. In this case 
the representation is said to be pseudo-real or real-negative or simplectic-like 
representations. 



Let us now summarize all our findings: 



Generators of A+ : L^t) = 



:(i±r„)s 



Generators of A*± : — L^* 



1 



(l±r )E 



(2.205) 
(2.206) 



Real spinor representations of SO(2N) 

• A + is inequivalent to A_ and A+ = A + , A I = A_ 

• Relation between A?j_ and A ± 

B- 1 [-L^*]B = L^; B^ = B^ (2.207) 

• Strictly-real representations 

B = +B T ; BB* = +1 (2.208) 

A basis could be found in which the generators are purely imaginary 
and antisymmetric, making the representations completely real 

• Pseudo-real representations 

B = -B T ; BB* = -1 (2.209) 
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No basis could be found in which the representations are real 
Complex spinor representations of SO(2N) 



A + is inequivalent to A_ and A*. = A_, A I = A 



Relation between A?j_ and A T 



B- 1 [-Lg>]B = lg); B~ X = B* (2.210) 



From the definitions of * (±) (Eq.(2.166)) and ^ c (Eq.(2.186))one could write 
(*( ±) ) c = B-^Kl + To)*]*. On using Eq. (2. 190) and the fact BB' 1 = 1 we 
get, at once, 



Further, recall from Eq.(2.196) 



i±(-i) 7V r 



(2.211) 



B 



-(i±(-i) JV r )s M . 



(2.212) 



Equipped with Eqs. (2.207) through (2.212), we are now ready to classify 
SO(2N) according to real and complex spinor representations. 
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Case 1. N =odd. Complex representations. Theory is chiral 



For N odd (N = 2k + 1), Eq.(2.212) gives B- X [-L$*\B = L$ which, ac- 
cording to Eq. (2.210) tells us that the spinor representations of SO(Ak + 2) 
are complex. 

Furthermore, for odd N, Eq. (2.213) implies (^(±)) C = | [1 =F r ] then 
from the definition of ^(±) it implies 

(* ( _)) C = (*% (2.213) 

If we, for a moment, assign the semi-spinors and to left (L) and 
right (-R)-handed fermions, respectively, then the interpretation of Eq.(2.213) 
would be that the charge conjugated state of a left-handed fermion is a right- 
handed anti-fermion and vice versa. For example, for fermion a, a\ = aj^ 
is the anti-fermion with respect to a^. 

Case 2. N =even. Real representations. Theory is vector-like 

For N even (N = 2m), Eq.(2.212) gives B'^-L^B = Lf) which ac- 
cording to Eq. (2.207), tells us that the spinor representations of SO (Am) are 
real. 

Additionally, for N even, Eq. (2.211) implies (^(±)) C = \ [1 ± r„] then 
from the definition of \l/(±) it implies 

(*(+))' = (*% 
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(* H ) C =(* C )_ (2.214) 

In this case, the interpretation would be that the charge conjugated state of 
a left-handed particle is a left-handed anti-particle and similar argument can 
be made for a right-handed particle. 

The deciding factor for a particular SO (Am) group to have strictly real 
or pseudo-real representations is whether B = +B T or B = —B T . Here, 
the specific representation for B is not important, so, for example, we could 

m , < NlN+1) m , , N(N-l) 

choose either B T = (-1)- L a- L B or B T = (-l)^r^B (see Eqs.(2.191)- 
(2.195)). Either expression gives, for m even (m=2k, N=8k), B T = +B and 
for m odd (m=2k+l, N=8k+4), B T = -B. 

Thus, SO (8k) possesses strictly real spinor representations, while SO(8k+ 
4) have pseudo-real spinor representations. 

2.10 General SO(2N) scalar and vector type 
couplings 

In this section we form SO(2N) invariants appearing in both the Lagrangian 
and the superpotential. We will construct four distinct SO(2N) invariants. 
They will be built from ^ and \1>, \[> T and \1>, ^ and and \& T and 
^/*. Further, classification of these SO(2N) invariants as Lorentz vectors 
or scalars will require an appropriate insertion of Dirac charge conjugation 
matrix, C and Dirac matrices, r y A (A = — 3). For completeness, we list all 
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the possible Lorentz scalars and vectors constructed out of Dirac spinors, %■ 

Lorentz Scalars 

XX = YX C = XlXr + XrXl 
Yx = xICxl + XrCxr 
XX° = XECxf + XbPxr t (2.215) 

Lorentz Vectors 
X1 A X = Xl1 A Xl + Xr1 A Xr 

x c i a x c = xlCi A Cxl + x T R Ci A Cxl 
x c i A x = x t l Ci a xr + xIc^xl 

X7 V = Xl1 A CxI + Xr1 A CxI (2.216) 

where 

x = rV 
x c = Cx T 

X = Xl + Xr 
X(S) = ^( 1± 76)X (2-217) 



lAlB + iBlA = 2r]AB 

i] = diag(l, — 1, —1, — 1) 
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• f) 1 2 S 

75 = «7 7 7 7 
C = -C- 1 = -C* = -C T = 2 7 2 7° 
C( T A ) T C- 1 = - 7 A 



(2.218) 



INVARIANTS FORMED FROM ^ AND \1>: LAGRANGIAN CASE 



We commence by constructing bilinear spinors formed from the Kronecker 
product of \& and a symmetrized or an antisymmetrized product of appro- 
priate number of T^'s. These bilinears then transform as vectors and tensors 
of SO(2N) as constructed earlier. For example, the quantity defined by 
T{ M „ p } = ^^r^r^Fp}^ transforms as a third rank symmetric tensor. This is 
because T' W} = ^T { ^ u T p} ^ = ^ S^T^T^^S^ = ^(S^T^S)^- 1 
x r iy S')(S' _1 r p }S') , I / = R^aRvpRpjTfapjy and where we have used Eqs.(llO), 
(111), (113) and (118). We now list some bilinears along with their trans- 
formation properties however, we will not specify the symmetry associated 
with their indices: 

Scalar : T = ; T' = T 
Vector : T w = ^I^tt; = R^ Vl T Ul 

2™ d Rank Tensor : T WM2 = ^T^T^; = R^R^T VlV2 

r^Rank Tensor : T W .. A = ^T^.T^; T'^ = R^.-.R^T^ 

(2.219) 

An arbitrary SO(2N) tensor of r th rank , can be written as the sum of four 
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bilinear semi-spinors (* = * (+) + * H ): ^T^T^...T^ = ttj^r^r^... 
x ...T^ {±) + ^{ ±) r Mi r M2 ...r Mr ^ (T) . Using * (±) = P±tf, one can write 
^r^r^...^^^) = &[P±r iii r iJa ...r iir P ± ]*. From Eq. (2. 177), this quan- 
tity vanishes if r is odd. Similarly, one can show using Eq.(2.178) that the 
quantity ^ ± ^r^ i r fl2 ...r^ r ^/^ vanishes if r is even. Hence, we have the fol- 
lowing results 

ViV, r odd 

*{ ±) r„ 1 r /tt ...rv* (±) = o (2.220) 

ViV, r even 

*| ±) r M1 r M2 ...r^ w = o (2.221) 

Recall that the representation, A, decomposes into two irreducible repre- 
sentations A±, while the contragredient representations, A splits into two 
irreducible A?j_: 

A = A + © A_ 

A = A+ © A* 
A; = A_, A* = A+; for N odd 
A; = A+, A* = A_; for N even 

A + and A_ are inequivalent (2.222) 

The surviving even and odd rank tensors of SO(2N) are 
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Even Rank Antisymmetric Tensors: A 



± 09 £±± 



*(±)*(±) 
*(±) r [Mi r ^]*(±) 



^(±) r [w r M2 r M3 r H^(±) 



m = N - 1; N odd 
*(±), (2-223) 
m = N; N even 



Odd Rank Antisymmetric Tensors: Aj 

*(±) r [Mi r M 2 r M3]*(T) 



f m = N; N odd 1 
^r^r^.T^]^, (2.224) 

[m — N — 1; N even J 

Each of the these irreducible antisymmetric tenors have dimensionalities 
( 2 ^), where r(< iV) represents the rank of the tensor. 

We do not get any new tensors for m > n. To illustrate this point, 
consider a tensor of rank N + k (k < N), this tensor can be reduced to a 
tensor of rank (2N — [N + k] =) N — k hy contraction with an SO(2N) 
Levi-Civita tensor carrying 2N distinct indices. 

There is an additional subtlety for tensors of rank N. For N even, 
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the real tensor Tj^~^ en ) of dimensionality ( 2 ^J splits into two real tensors 
^(+) r [w r M2-- r ^iv]^(+) and *(-) r [Mi r /u 2 -r MJv] *(-) each of dimension ±( 2 ^). 
These decomposed tensors are real self-dual and anti- self- dual, respectively, 



'*{ +) r [M1 r M2 ...r m] * (+) ^ 
,*(-)rhr, 2 ...r W ]* ( . )y 



- (5 5 5 ± — C ^ y(N=even) 



'tt{ +) r^r M ..r, w] * (+) ^ 



iV - V^(_)f [ M i i M2-- i MA r ] ll/ (-)/ 

(2.225) 

For N odd, the real tensor T^=°^ of dimensionality ( 2 ^) splits into 
two complex tensors *[ +) r [w r M2 ..T MiV ] and ^j^r^r^.-.r^]^^) each 
of dimension |( 2 ^)- These decomposed tensors are complex self-dual and 
anti- self- dual, respectively, 



y(N=odd) = \i/t r r r r 



*j-)rb,i^-r W ]f (+ ) 



^{ +) r [M1 r M2 ...r MJv] M/ ( _)^ 



*t r r 1^ 



(-)' 
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_ f x X X _|_ J_ e \ y( N=odd ) 



^(-) r [Mi r M2--- r m]*(+)y 



-± (^...w.^J t r r ^ J 

(2.226) 

Eqs. (2.225) and (2.226) can be verified at once upon using ^(±) = P±^ and 
Eqs.(2.180) and (2.181). 

If we follow the conventional assignment of the left-handed fermion states 
to \&( + ) then (j^J +) ^ e °^) contains the right-handed CP conjugate fermio 
states. The product 2^" 1 <g> 2^ (TV odd) and 2^ <g> 2^ (N even) then 
transforms as a Lorentz vector. Thus, to make these tensors a Lorentz vector, 
we must insert the product 7°7 A . Similarly, the product 2^ t ~ 1 <g> 2^_~ 1 (N 
odd) and 2^ t ~ 1 ® (iV even) transform as a Lorentz scalar and we must 

insert a 7 in these tensors. 

In order to form SO(2N) invariants we must contract antisymmetric 
bosonic tensors (Eq.(2.50)) of appropriate rank with each of the above anti- 
symmetric tensors formed from the Kronecker product of spinors so that the 
whole object transforms like a scalar. For the sake of illustration, consider the 
quantity / = ^j^T^T ^ 2 T M3 ]\l/ (-)^ , ^ 2M3 , which we now show to transform 
as an SO(2N) scalar: I' = ^r^r^r^^.^W w = ^(S'^S) 

x (s~ 1 T^ 2 s)(s~ 1 r^ ] s)^^)R^ 1 R^ 2l/2 R^ 3l/3 ^l 2l/3 = ^(+)(-RMi^i r [^i) 
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(-) 



x 5 5 5 = I 



Let us now summarize our results 



N Even (Vector Couplings) 



M2 



(A) 



M2M3M4 



, T (±1)A fi (±l) 



9JV-1 



-(-) 



iV-l 
2 (+) 



lN-l ^ n N-l 



J (-) 



2iv 
v , 
'2iV N 
. , 



'2JV N 
v 2 , 
'2iV N 
. 2 , 



' 2N 
v 7V-2, 

' 2N N 
,N-2, 



1 /2iV 

1 /2iV s 
2l AT 



(+1) 



(-1) 



(2.227) 



N Even (Scalar Couplings) 

[mi r M3 ] ^(-j-^^^p 
[^i r^ 4 r^ 5 ] ^ (zp)^^^ 



" M1M2M3M4M5 



^^(±)dr [m r , /i 2 ---r'/i JV _i]^ f ( =F )b^ 1 ^ 



(=F)&^/n/i2— Miv-i 
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2f±T ® 2 S = ! ® 3 ®'" e U-3 ® U-l (2 ' 228) 



TV odd (Vector Couplings) 

^(± ) d7 A r [w r M2] vi/ (±) ^^ ) i ^ 
fdb*(±)»7 A r[ /11 r^ 2 r M3 r /;i4] * (±) ^S^ ) i/12M3/14 



^*(±)d7 A r, |tl r wl ...r, 4JV _ l] * (±) ^ l 



N Odd (Scalar Couplings) 

/^ )d r w * (T) ^) 

^d6*(±)a r [Mi r ^ r M]*( T )6 $ i"fi 2/l3 



2?7 1 ig) 2^ x 



'2iV\ /2iV\ / 2iV \ 1 /2JV 



(+*) 
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w , v , /2iV\ {2N\ ( 2N \ l/2iV\ { , 

2S 1 ® #7* = ( 1 j e ( 3 j e ... e ^ _ 2 j e -( N j (2.230) 

The last lines in each of the Eqs.(2.227)-(2.230) represent the decomposition 
law for the Kronecker product of the spinor representations of SO(2N) and 
each of the numbers appearing on the right hand side of the equations rep- 
resent the dimensionalities of the tensors formed. For example, in Eq.(227), 
the rank 2 tensor, \I/ (ijdT^r^T M2 ]\l/ has dimensionality and so on. 

A word about our notation is in order, g^s and h^s are coupling con- 
stants. The indices a and b run over different number of generations carried 
by the semi-spinors. Here, are ordinary (bosonic) rank N tensors and 
satisfy duality conditions given by Eqs.(2.48) and (2.49). The other notation 
used in the previous four equations that need clarification are 

*(±)a = *{ ± ) 4 7° (2.231) 



N odd 

Y , _ _|_ yC-*) 

T (±l) =-(55 5 ±— e )r {±l) 

T< dti W2 ... m = ^(±)« r N r M2-r m ]^ (T) 5 

i_ \ . -f(±*) /o 909^ 
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N even 

_ _|_ -^(-1) 

db nifj,2--HN db m fi2 ■ ■ ■ p. N db /^i/12---Mjv 

1 fx X X . ' , W±l) 



T S 1 L..^ = *( ± )*T rAr ^ r ^--- r ^*wi 

T (±l) _ i J_ y(±l) /o 

1 at mim2...^ ~ ^jvfw-^-^ 1 ^ mM2 ... Mjv ^- z ^ 

The reader must have noticed in Eqs. (2.227) and (2.230) that the ordinary 
(bosonic) rank N tensors and the rank iV tensors formed from the Kronecker 
product of semi-spinors satisfy same (opposite) in sign duality conditions 
for N even (odd). This is absolutely necessary in order for the invariant to 
be non-vanishing. This can be seen by means of a simple example. Con- 
sider two 2-index antisymmetric tensors A^ lll2 and B^ lli2 of SO (A) (N=2) 
satisfying the duality conditions: A^^ = +^e fllll2VlV2 A VlV2 and B^ W2 = 
^T e MiM2^i^2-^^i^2 - The invariant A^^B^^ is zero because A Jtil/i2 S jUl ^ 2 = 

TT2' e MlAt2^1^2 e MlM2 0-iO-2^flf 2 -S(TiO-2 = (oft2 $X)(fivi<Ti$V2<T2 ^l^^^Cl) 



(2!)2 c /llAt2^1^2 c MlA 1 20-lCT2 y - l flf 2 JJ 0- 1 cr2 (2!) 

- — A R 

The next task is to determine the symmetry of the couplings in the ex- 
change of identical semi-spinors. Looking at Eqs. (2.227) and (2.229), define a 
/c-index (k = odd) Kronecker product of spinors, = \E , (- t ) (i 7 7 j4 r Ml ...r Mfc \E' ( ._ | _^ 
and recall that the spinors are anticommutating fermion fields, 7°^ = 7 and 
that = r M . From the fact K &h = conclude that = (±) ^r Mfc . . T M2 T Ml 
x 7 At 7°\l/(±)a. Further, from the properties satisfied by the Dirac matrices, 
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(7°) 2 — 1 an d 1 A — 7°7 j41 '7 and the anticommutating property of T^'s, one 



fc(fc-i) 



can easily show that = — (— 1) 2 K^ & . Thus 



WN and k even 



2 



fc(fc-l)+2 

_L / _ 1 \ 

O.6 



% )4 A^ w ...r tt * (± A.. w (2-234) 



fc(fc — 1) + 2 

If the symmetry factor (— 1) 2 is odd, and if we restrict to one gen- 
eration or do not allow for mixing between generations (d = b) , then L would 
vanish. 

One can also build symmetric traceless tensors. Here one starts with a 
symmetrized product of T^'s and then subtracts off the trace. For example 
a 2 nd rank symmetric traceless tensor of dimension ( 2iV 2 +1 ) — (^^ ) takes the 
form 

*! ±) r {m rv 2} * (±) - 6^l ±) y {±) (2.235) 

while a 3 rd rank symmetric traceless tensor of dimension ( 2iV 3 +2 ) — ( 2 f) can 
be written as 

(2.236) 

where we have used the fact that tr(r M T Mj ) = N. 
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INVARIANTS FORMED FROM ^ T AND \I>: LAGRANGIAN AND SUPERPOTEN- 



TIAL CASES 



We, again, build bilinear spinors from \E' T and ^ and an antisymmetric 
or a symmetric product of T^'s. As before these quantities transform as 
scalars, vectors and tensors. For illustration purposes, consider a quantity 
denned through E ww = {B^) T T . Then from Eqs.(2.127) and (2.200), 



Hence H WM2 transforms like a second rank tensor. The following are the 
bilinear spinors that can be formed in this case 



Scalar : E = ^ T B T ^- E' = E 



Vector : H w = * T S T r w *; 



— R « 



2" rf Rank Tensor : E^ 2 = ^5%^^; 



= R R " 



r^Rank Tensor : E^ r = ^B^^.T^; 



Rp,\u\--Rii r v r ^v\..u r (2.237) 



An V th rank tensor can be decomposed in to a sum of four r th rank tensors 

(±) n 1 mi 



involving semi-spinors = * (+) + *(-)): ^ T J B T r^ 1 ..r^ r ^ = ^T ±) S T r 



x r M2 ...r^^ (±) + *f ±)J B T r Mi r M2 ...r^* {T) . Using the fact * (±) = P±^ and 
Eqs. (2.172), (2.177), (2.178), (2.193), (2.194) and (2.204) one can easily 
verify the following results: 

iV odd, r even or iV even, r odd 

*f ±) s r r w r, la ...r /lp * (±) = o (2.238) 

N odd, r odd or N even, r even 

*f ±) s r r w r, la ...r /lp * w = o (2.239) 

If we make the same assignment of the particles as in the previous case: 
left-handed states fermion states to and right-handed CP conjugate 

fermion states to ^(-), then the product 2^.7 1 <g> 2^7 1 (N odd and even) 
transforms as a Lorentz vector. Therefore to make these tensors a Lorentz 
vector, we must insert the product Cj A , where C is the Dirac charge conju- 
gation matrix. The product 2^7 1 (g> 2/^7 1 (N odd and even) transforms as a 
Lorentz scalar and we must insert C in these tensors. 

Following the same lines as in the previous case where invariants were 
formed from \&t and \&, we get 

N Even (Vector Couplings) 
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9ab^f±)aCi A B T v [fll r^ 2 . . .r MJV _ l] f^^i^, ... MJV _ 1 



/2iV\ /2iV^ 



2^T 1 (g) 2 JV - 1 



' 2N \ ( 2N 

n-3 r U 



_ J (2-240) 



iV Even (Scalar Couplings) 



^^f ±) dC5 T r [m r, 2 r, 3 r, 4] M/ (±) ^(f) 



iiV-1 „->, oiV-l 



'(+) 



J (-) 



'(+) 



iJV-1 Q 



'2iV N 
v , 
'2iV N 
, , 



'2iV N 
v 2 , 
'2iV N 
. 2 , 



' 2iV 
v iV-2 y 

' 2N N 
.iV-2, 



l/2iV\ +1 
2\n) 
1 /2iV\ _1 
2~l N J 



(2.241) 



N odd (Vector Couplings) 



(-4) 



^*f ± )dC'7 A 5 T r [M1 r /12 ...r /iJV _ l] * w ^^ ) l/12 ... m _ i 
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)N-1 
J (±) 



)N-l 



, , 



'2iV N 
. 2 , 



' 2iV 



' 2iV 
.AT-1, 



(2.242) 



iV Odd (Scalar Couplings) 

^db^f±)d^ 5Tr [Mi r ^2 r M3 r M4 r M5]^(±)fe $ wi 2M 3M4W 



(-) ® 2 H 



z (+) ^ z (+) 



'2iV N 

'2iV N 
. 1 , 



'2iV N 
v 3 , 
'2iV N 
. 3 , 



' 2iV 

N-2; 

' 2N N 
,iV-2, 



1 (2N\ 
2\N) 

1 /2i\T 
2~l N 



(+*) 



(-0 



(2.243) 



where we have defined 



TV even 



-fil—HN 
1 



(±) 



s (±i) = ± _L 



w(±i) 



ih...hn _/V! tll — llNVl — 1 ' N "Pi—v t N 



(2.244) 
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N odd 

Aff^ = *W C ' sTr b.i r /«- r M W ]*W 

^(±i) 1_ J_ ~(=f») (n 9451 

These duality conditions follow immediately upon using \I>(±) = P±ty and 
Eqs.(2.180) and (2.181). The couplings above appear in the Lagrangian. 
These couplings can also appear in the superpotential, provided the Dirac 
charge conjugation matrix, C is removed. 

As a final result, we find the symmetry factor in the exchange of identical 
semi-spinors. Looking at Eqs. (2.241) and (2.243). Define a fc-index tensor: 
^ l &b^J±)a ( ~ J 'B T T ' m r M2 ..T n k ]^> Here k is odd for iV odd and k is even for 
N even. As before, using the fact that the transpose of this defined quantity 
is itself and that Dirac charge conjugation matrix, C, is antisymmetric, we 
conclude that 

k odd, iV odd or k even, N even 



(N-k)(N-k + l) 



(2.246) 

Note this result is independent of the representation of B. Looking at 
Eqs.(2.191)-(2.194), we have two distinct options: B'^B = (-1)^, 
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B T = (-l)^S and B-^B = (-1)^+%, B T = (-1)^5. Both 
options give the same result of Eq. (2.246). 



Invariants formed from ^ and Lagrangian case 



Here we construct couplings out of ^ and \f r *. This is possible if we write a 
quantity with two indices (say) as A MlM2 = ^T^T^B^/*. From Eq.(2.198), 

a^ 2 = *f r „ 1 r /la s**'=*t 5 -ir #tl r |la s(5- 1 ) T **= ^(s^r^s^r^s) 

x S , - 1 .B(S , - 1 ) T #*. Using Eqs.(2.130), (2.195) and (2.197) we get A'^ 2 = 
Rui^R^i^r^r^Bty*) = R^R^A^. Hence, we can form the fol- 
lowing tensors 

Scalar: A = 

A' = A 



Vector : A w = tfr^B**- 

A' _ D A 

2™ d Rank Tensor : A WM = ^^5$*; 

^■/ilM2 = "^2^2 -^1^2 

r^Rank Tensor : A m .. Mr = tftr^.r^s^*. 

h-m-nr = R^iu 1 --Rfi r u r A Ul . Mr (2.247) 



One can very easily prove that in the case of couplings formed from ^ 
and *&*, the following general results hold true 

For r odd, N even or r even, N odd 

^r M r w ...r^.s*i = o (2.248) 

For r even, N even or r odd, iV odd 

^^...r^^ = o (2.249) 

We now present a complete sets of invariants. In order for the couplings 
to transform correctly as Lorentz vectors and Lorentz scalars we must insert, 
by hand, quantities like 7°7 A C7° T and 7°7 A 7 0T , respectively. Thus the non- 
vanishing couplings are 

N Even (Vector Couplings) 

g A ^ {±) ^ A r w r, 2 r, 3] BC% )f) ^ m 
5d&*(±)d7 A r [M1 r M2 r M r M4 r Ms] sc'*^ ) ^^ ) lM2/13M4M5 

fdft*(±)a7 A r [M1 r M2 ...r MJV _ l]J BC^[ T) ;;$^ t ) i ^ 2 

^•^-(T) e m«-" e (".)«("i) (2 - 250) 

AT Even (Scalar Couplings) 



94 



[Mi ^2] 



M1M2M3M4 



h -A {±1) fi (±1) 



)AT-1 
'(+) 



,JV-1 



(-) 



'2iV N 
v , 



'2iV N 

'2iV N 
, 2 , 



' 2N N 
v 7V-2, 

' 2iV N 
.N-2, 



1 /2iV s 

1 (2N S 
2\N / 



+1 



(2.251) 



N odd (Vector Couplings) 



^^(±)«7 A r [m r M2 r M3 r M4]J BCvi/[ T) ^^ i/i2WW 



^*(±)a7 A r [/J1 r /J2 ...r /JJV _ l] sc* w ^^ l 



v , /2JV\ /2iV\ ( 2N \ ( 2N \ 

2 Sj i ® 2 So- i = e 2 ®- e U-s ®U-il (2 ' 252) 
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N Odd (Scalar Couplings) 

[M^ ^ Hi,]BC^ (±)6^tlM2M3 



0.0 db H^-HN M1M2-MJV 



2 Ar " 1 » 2 Ar " 1 



)JV-1 ^ oN-1 



J (+) 



J (+) 



'2iV N 
v 1 , 

, 1 , 



2A?" 
, 3 , 



' 27V 
v 7V-2, 

' 2N N 
.N-2, 



1 /2JV 
2~UJ 
1 /2JV\ 
2\N) 



(-0 



(+*) 



(2.253) 



where we have defined 



*<±) = *( ± )7° 



(±) 



(±) 



(2.254) 



iV even 
A = A (+1) + AC- 1 ) 

J1 Mi—MiV ■'Vi— Mjv Mi— Mjv 
-^1— MiV = 2 ^Ml^l^^-'-^MAf^JV ^ jy| e MlM2— MJW2— "JV^ A.vi...v N 



^t-MJV = = ' z ^j' e Mi---MJV^i-^]V^^. 1 ^iV (2-255) 
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N odd 



A = A (+i) + A (_i) 



■T 

(T) 



A(±i) i_J_ a(=f«) (o 



The symmetry factor is 



odd, A" odd or /c even, A" even 



(N-k)(N-k+l) 

"I) 5 ha 



* (±)4 r w r /la ...r w s(7*[ ±) ^. w 



(2.257) 



INVARIANTS FORMED FROM \1> T AND LAGRANGIAN CASE 



In this second rank tensor, for example, is defined by = \I/ T BY^T^ 

x B- 1 ^*, because % v = ^' T BT P T U B' 1 ^*' = ^ T S T BT^T U B- 1 (S T )~ 1 ^*, 
and where we have used Eq.(2.198). On using Eq.(2.197), % v = ^ T (BS- r ) 
xT^SS-^T^-^BSB- 1 )^* = ty T B(S~ 1 r iJ ,S)(S~ 1 r i/ S)B~ 1 ty* = R^R vp ^ T 
x BT a T p B- l m* = R^R up e ap . Thus, 

Scalar: = ^ T BB~H*] 
0' = 
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Vector : Ml = * T Sr m S _1 **; 



A' D C\ 



2" d Rank Tensor : 9^ 2 = ^BT^T^B- 1 ^*; 



r^Rank Tensor : 9 M .., r = ^> T BY ^..T ^B' 1 ^- 

@Ml-^r = RtHU 1 --Rfl r iy r 'du 1 ..U r (2.258) 

Using the properties (2.204) and Eqs.(2.177)-(2.178), the reader can make 
the following inferences 

V7V, r odd 

^lBT fll T^...T^B- 1 ^* ± = (2.259) 
VAT, r even 

^5r w r> 2 ...rv. J Er 1 ^ = o (2.260) 

In order for the couplings to correctly exhibit the Lorentz vector and scalar 
behavior, we must insert, by hand, CjaCi 0T and CC r y 0T , respectively. 
We have the following couplings in the Lagrangian, 



N Even (Vector Couplings) 
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a -e (±1) fi^ 1 ) 

y at> ah 1*1/12. -UN 



)JV-1 
J (+) 



)JV-1 



,AT-1 
J (+) 



,AT-1 
J (-) 



'2iV N 
v , 
'2N S 
. , 



'2iV N 
v 2 , 
'2iV N 
. 2 , 



' 2N 
K N-2, 

' 2N N 
,N-2, 



l/2iV\ (+1) 
2 I AT J 



(2.261) 



N Even (Scalar Couplings) 



TV odd (Vector Couplings) 
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i7^f ±)4 C77 A sr^r w ...r^_ l] B- 1 C7^ ±)6 $i5' 1 



M2---MJV-1 



^(±) (t) 



'2JV\ /2JV N 
. ® 2 , 



2AT 



2AT 



.iV-3/ \iV- 1, 



(2.263) 



iV Odd (Scalar Couplings) 



a6 A6 m 1X2. -UN 



)JV-1 



,AT-1 
J (+) 



,AT-1 



where we have defined 



2iV N 
2N N 



'2iV N 
. 3 , 



' 2N N 
v 7V-2, 

' 2N N 



l/2iV\ {+l) 
2{n) 

l/2iV\ M) 
2 I AT J 



(2.264) 



(±D 



N even 



@ = @(+i) , e (-i) 



1 

AH 



(±) 



Al ±1} „ =±^T 



yi e /ii.../ijvi^i---^jv-^-li..^jv (2.265) 
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N odd 

^/il.../ijV w /il.../ijv ^ w /il.../ijv 



a£L = ^f ±) Ci?r [ , 1 r M2 ...r MJv] 5- 1 c^ T) 

a(=w) = + _L f a (=p) Co ofifil 

i Vi---MJV jy| t A»i-^jv^-' / Ar-'Vi-/*JV ^-^uu; 

The correct symmetry factor can be easily computed. It is found to be 

ViV, even 



£ = ^*f ±) ,c' 7 ^sr M1 r, 2 ...r, fc s- 1 c'^ ±)6 ^ ) l ... M 



fc(fc-l)+2 



*f ±)d c 7 ^sr M1 r M2 ...r MfcJ B- 1 c*; ±)6 ^ l ... /(A 



(^) 

(2.267) 



2.11 Specialization to SO (10) gauge group 

DECOMPOSITION OF SO(10) SPINOR UNDER SU(5) 

In the case of 50(10) (N = 5) group the 32 (= 2 5 ) dimensional spinor 
splits into two inequivalent irreducible 16 (= 2 5 ) dimensional representations: 
*(+) ~ 16, * ( _) ~ 16. Then Eq.(2.171) gives 

under 50(10) D SU(5) <g> 17(1) 

16 D [l](M)©[10](M^')©[5](M l ) 
16 D [5] (TV*) © [10] (/%) © [1] (iV) (2.268) 
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where 



(d\\ 

d% 



d% 



e 

V Ve J 



(d c La \ 

V VeL I 



(2.269) 



e ' L 



( o 



—u% 



Ur, 



10 



u u u° 

V d 1 d 2 d 3 



( 6 a ^U 



Li 



Ui 



-u 1 -d 1 \ 
-u 2 -d 2 
-u 3 -d 3 



—e 



+ 



-u. 



£ab e L 



J 



(2.270) 



(2.271) 



1 ~ u c eL (2.272) 

Here, a, (3, £ = 1,2,3 are SU(3) color indices, while a, b = 4, 5 are SU(2) 
indices and we adopt that all particles are left-handed (L). e Q/ g^ and e ab are 
Levi-Civita tensors of SU (3) and SU (2) subgroups, respectively. 
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From Eq.(2.169), * (+) = i[>\0 > +^b\b]\0 > +^ kl b\b]b\b\\Q > 
(i,j,k,l = 1,...,5). Note that (5 ~) ip ijkl of SU(5) is reducible, thus the 
irreducible (5 ~) ip^ kl = ^^^ipm. Since is a 16 component vector, 
we make a slight change of notation: — > >. To identify the 

577(5) multiplets with matter particles, we also replace the symbols ip by M. 
Taking, into consideration generation (family) indices (d, b) , we write for the 
50(10) spinor, 

*(+)* - !*(+)* >= 10 > M, + Ifttfttjo > M« + l e ^ fe t fe t^tj > M ,. 

(2.273) 

where 

M, = z/£ d ; M, a = Mf = f ^ r M, 4 

(2.274) 

Similarly, from Eq.(2.169), we have for the negative chirality states: = 
^&j|0 > +±^' fc &}&t&t|0 > + T ^# iMm ^Kfel° >• Again (10 ~) ^' fc is 
reducible, thus the irreducible (10 ~) if) ljk = ^e %jklm "ipi m - Also (T ~) ^ klm = 
i e ijkim^ and thus ^Pmjtjtjtjt^ = e w«"»6}6t6l6f6j n ^ / = 5! &t&£&J&M^'. 
To distinguish between the two multiplets, we replace the ^'s by N. Putting 
everything together, we have for the 16 multiplet 

*(-)J - l*(-)4 >= b\blbtb\bt\0 >N f) + ^ klm blb}bl\0 > Nfc + 6}|0 > Nj 

(2.275) 



= Et d 
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The group theoretic difference between the chirality (+) and (— ) states 
is that chirality (+) states are generated by the action of an even number 
of creation operators on the vacuum state while the chirality (— ) states are 
generated by the action of an odd number of creation operators. The chirality 
(+) fields, | x I / (+)d >, can be identified with the three generations of quarks 
and leptons, constituted by three sets of 5 + 10 plets of SU(5) and three 577(5) 
singlet (right handed neutrino) fields. The chirality (— ) fields, > could 

be Higgs multiplets that arise in SO (10) model building. The role of the 
negative chirality fields in model building will be discussed elsewhere. 

For the sake of completeness, we also give the Hermitian conjugate, trans- 
pose and complex conjugates of the ^(±) mutiplets: 

^< = M l < °l + l M lij < o|&A + ^M$€i jklm < oKkbkb, 

*f + )d ->< = Mj < 0| + < 0\b 3 h + ^Mle^ 1 ™ < OKMhb, 

*(+)* - >= 10 > + ±&J 6 t| > M * &ij + ±e ijklm b]blb\bi\0 > M? 

(2.276) 

*J_ } , ^< = Nt < OI&5M3M1 + ^Nfe ijklm < 0\b m bib k + Nt. < 0|6i 

*f_)4 ->< = Nj < 0\b 5 b,hb 2 h + -^N*e yHm < Q\bJnb k + Nf < 0|&, 

*H4 "> !*(-)« >= &t&M&I&!|0 > NJ + ^e ijklm b\b\bl\0 > Nf + fej|0 > N* k 

where we have the used the convention set in Eqs.(2.161) and (2.170). 
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SO (10) INVARIANTS 



From the decomposition formulas of Eqs. (2.229), (2.230), (2.242), (2.243), 
(2.252), (2.253), (2.263), (2.264) we obtain 

16 + <S) T6 = 10 © 120 © 126 (+i) 

I6 f © 16 = 10 © 120 © 126 ( ~ i) 
16 f © 16 = l (as) ©45 (s) ©210 M 
T6 t ©16 = l (as) ©45 (s) ©210 M (2.277) 



16 © 16 = 10 w © 120 M © 126^° 
16 © 16 = 10 w © 120 M © 126jJ° 
16 ©16 = 1 ©45 ©210 

16© 16 = 1 ©45 ©210 (2.278) 



I6 f © 16* = 10 w © 120 {as) © 126[J° 
16 f © 16 f = 10 (s) © 120 M © 126^° 
16t©T6 f = 1© 45 ©210 

16 t ©16 t = 1© 45 ©210 (2.279) 



16 © 16 1 " = 10 © 120 © 126 (+i) 
16© 16 f = 10 © 120 © 126 (_i) 
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16® 16 f = 1 M 45 {s) © 210 M 

T6®T6 f = l (as) © 45 (s) © 210 M (2.280) 

where the subscripts s and as indicate whether the particular tensor formed 
from the Kronecker product of spinors appears symmetrically or antisym- 
metrically in the exchange of 16 plets (see Eqs. (2.234), (2.246), (2.257) and 
(2.267)). The superscript ±i indicates the duality condition satisfied by the 
126 dimensional, 5 th rank tensor of 50(10) (see Eqs.(2.232), (2.245), (2.256) 
and (2.266)). In the literature 126^ are defined as 126^ = 126 and 
126^ = 126. As mentioned earlier, it is imperative that in order for the 
invariant to be non-vanishing the 5 th rank bosnic tensor (not shown here) 
which couples to the Kronecker products of spinors must satisfy opposite in 
sign duality condition. 

Counting, the number of SO(2N) invariants in Eqs.(2.276)-(2.279), gives 
us a total of 48 couplings. In this thesis, besides other computations, we 
have evaluated 15 of these couplings in terms of SU(5) fields. 

Here it is also appropriate to identify the particular representation of the 
5*0(10) charge conjugation matrix that we are going to use in the subsequent 
chapters. To that end, we first choose the basis to be: T 2i = T 2i , ^ 2 i-i = 
— r 2 j_i. This is reasonable because T 2i (= h + b\) are represented by sym- 
metric matrices and T 2 i-\ = — b\)) are represented by antisymmetric 
matrices in the spinor basis. For the particular representation of B, we choose 
Eq.(2.194) and along with Eq.(2.195), we have: 

b-^Ib = -r„ 
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5 

B = -iH(b k -b{), B T = —B, B- X = B (2.281) 
k=i 



DECOMPOSITION OF ORDINARY (BOSONIC) SO(10) VECTOR AND TENSOR 
REPRESENTATIONS WITH RESPECT TO SU(5) 

From Eqs.(2.108)-(2.116), we have the following decompositions: 
50(10) D SU(5)®U(1) 

$ M : [10] D {5} © {5} (2.282) 

: [45] D {24} © {10} © {TO} © {1} 

: [54] D {24} © {15} © {15} (2.283) 

: [120] D {5} © {5} © {10} © {TO} © {45} © {45} 
<$>fj p : [210'] D {35} © {35} © {70} © {70} (2.284) 

: [210] D {1} © {5} © {5} © {10} © {TO} © {24} © {40} © {40} 
©{75} 

^J pa : [660] D {70} © {70} © {160} © {160} © {200} (2.285) 

[252] D {1} © {1} © {5} © {5} © {10} © {TO} © {15} © {T5} 

©{45} © {45} © {50} © {50} 
[1782] D {126} © {T26} © {315} © {3T5} © {450} © {450} (2.286) 
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$(<s) • 

fiupa ' 



Recall that the real 252-dimensional 5 th rank tensor, &^ pcr \ decomposes into 
two complex 5 th tensors, fi™L. A and f^L-A eacn °f dimensionality 126: 

: [126] D {1} © {5} © {10} © {15} © {45} © {50} 

: [126] D {1} © {5} © {TO} © {15} © {45} © {50} (2.287) 



SPINORIAL GENERATORS OF SO (10) 



The two most interesting subgroup decompositions are 
50(10) D 50(6) © 50(4) SU{A) C © SU(2) L © 5£7(2) Ji 
and 

5O(10) D 5£7(5)®£7(l) x 

In the case of a full exhibition of 5£7(4)c © SU (2) L © 5£7 (2) R invariant con- 
tent of 5O(10) couplings see |52*j . 



50(6) g 5£7(4) c D 5£7(3) c © £7(1) B _ L 



1. 5£7(3)c Generators. 



The general SU(N) spinorial generators are given by Eqs.(2.149) and 
(2.150). Here we specialize them for N = 3: 



A 3 

! i-J 

^ (3 



t a p = ~b% + -f E b lk; a, A e = 1, 2, 3 



5 3 

^9 = 7 (^2a 2/3 + S 2a -1 2/3-1 — ^ 2a 2/3-1 — ^2/3 2a- 1) 1~ X/ (2-288) 

1 " 5=1 
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a = 1,2,. ..8 



t a = 2x 



j./3 , fa 



-2 I t| - t£ 



3 generators 



V3 («s + Ci) 
(<2 - £E) 



3 generators 

2 generators 

2 generators 



Va^/3 = 1,2,3 



(2.289) 



1,2 



Factor of 2 inserted above is chosen for convenience. We choose the following 
diagonal generators (a = 1): \/3(t\ + i 2 ) and (t\ — i|). The complete list of 
all the 577(3) color generators are 

2V3 (t\ + 4) = -^( b \ b i + *fe ~ 2blb 3 ) = -^(£ 12 + S 34 - 2S 56 ) 

2 (*} - *a) = -2(&l6i - fe) = S 34 - S12 
2 (4 + f 2) = _2(6t&2 + = S23 - E14 

-2i (t\ - tj) = 2i(b\b 2 - blh) = £ 24 + E13 
2 (fi + = -2(b{b 3 + 460 = £ 25 - Ei 6 

-2i (4 - tf) = 2i(b% - blh) = £ 26 + E15 

2 (*3 + ^) = -2(4&3 + = S 45 " E 36 

-22 - = 2i(fo 2 6 3 - 4^) = S 46 + S 35 

(2.290) 
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2. U(1) B -l Generator. 



From Eq.(2.154), we get 

B~L = ^-j2 blb a = is 2a _! 2a (2.291) 

Convention is to put a normalization factor of |, that is B — L — > |(S — L). 
Therefore the new B — L is given by 

B — L — 1 — ^(blh + 4& 2 + 6363) = ^(£12 + S34 + S 56 ) (2.292) 



3. SU(A) C Generators. 

Using Eq.(2.150), we have a total of 12 non-diagonal generators of SU(4) C - 
In addition to the 6 non-diagonal generators of SU(3)c (see Eq.(2.289)), we 
have 





£ + 4) 


= -2(b% + blh) 


= S27 


— Sl8 


2% ■ 


(4-4] 


) = 2i(b{b 4 - b\h) 


= ^28 


+ £l7 


2(: 


4 + 4) 


= -2(b% + b\b 2 ) 


= £47 


— ^38 


•2i 1 


(t 4 — t 2 ^ 


) = 2i(b% - b\b 2 ) 


= S48 


+ £37 


2(: 


4 + 4) 


= -2(b\W + b%) 


= ^67 


— ^58 


■2i 1 


[4 ~ ^3 


) = 2t(b\b 4 - b%) 


— ^68 


+ £57 



(2.293) 



The 3 diagonal generators of SU(A) C are chosen to be 

2^2 (t\ + tl) = -V2(b% + b\b 2 - b\b 3 - b\b A ) 
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— ^yl^ 56 ^ 78 ~~ — 7Ei 2 ) 

2V2 (f 2 + tfj = -V2{b\b 2 + 6^3 - b{bx - b\h) 
1 

= ^=(£12 + E 78 — 7E 34 — 7E 56 ) 
2 (t\ - tj) = -2(6^! - blh) = 4(E 34 - E 12 ) 



(2.294) 



S0(4) = SU(2) L g g^(2Xg D ^(2) L g U(1) R 



1. SU(2) L Generators. 



In this case the generators are given by 

T 3L = -{t\- 4) = l -(b\b, - b\h) = \ (E 78 - E 9 10 ) 
I (ti + tl) = -\{b% + b\b 4 ) = I (E 7 10 - S 89 ) 
5 (4 - 4) = - l -(b\b 5 - b\h) = -± (E 8 10 + S 79 ) (2.295) 

Again the overall normalizations of —1 and ±|are inserted for convenience. 



2. U(l) R Generator. 



From Eq.(2.154), we get T m = ^E^A-i 2p = 2/2 - E$ =4 ^V We 
again normalize T 3R with a factor of — |, that is T 3R — > — |T 3R . Therefore, 

T m = ~ (E 78 + E 9 10 ) = X - (b\h + b\h - l) (2.296) 
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3. SU(2) R Generators. 



Here the diagonal generator, T m is given by Eq. (2.295) while the other 
two generators are 

i(E 7 10 + E 89 ) = -i(M>5-&I4) 

- l - (E 8 10 - S 79 ) = + 6l6j) (2.297) 

Each of these generators is a linear combination of the broken generators in 
50(10) (see Eq.(2.156)). Since 50(4) is isomorphic to SU(2) L x SU(2) R , the 
six generators given by Eqs.(2.294)-(2.296) are also the generators of 5*0(4). 

U(1)r®U(1)b-lDU(1)y 

We begin by writing, Y = aT 3R + (3(B — L). From the hypercharge as- 
signments of the known particles one gets a — 1 and j3 — \. Thus 

Y = T m + (2.298) 

From Eqs. (2.291) and (2.295) we can immediately write down, 

Y = ~\ ( b \bi + h \h + bibs) + I (b\b 4 + b\h) 

= i (E 12 + E 34 + S 56 ) - \ (S 78 + S 9 10 ) (2.299) 
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U(1) L ®U(1) Y D up) 



Assume that, Q = clT 3 l + bY. From the charge assignments of the known 
particles, we find a = 1 and 6 = 1. Therefore, we write 

Q = T 3L + Y (2.300) 

From Eqs. (2.294) and (2.298) we can immediately write down 

Q = -l(b\b 1 + blb 2 + btb 3 )+blh 

= 1 (E 12 + S 34 S 56 ) - is 9 10 (2.301) 

ffO(10) D SU(5)®U(1) X 

Eq.(2.154) can be used to find the U(l)x generator. 

X = \~ (bib, + 6^6 2 + 6^63 + 6l6 4 + blb 5 ) 

= - (E12 + £34 + S 56 + S 78 + S 9 10 ) (2.302) 



Tzl, T 3R , B — L, Y, X IN THE ORDINARY 10-DIMENSIONAL REPRESENTA- 
TION OF SO(10) 

For symmetry breaking purposes, where the spinor and tensor representa- 
tions of 5*0(10) acquire a vacuum expectation value in either T 3L , T 3R , B — L, 
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Y or X direction, it is essential to have these operators in the ordinary 10- 
dimensional representation given by Eq.(2.10). 

From Eq.(2.10), the generators, M^ u in the 10- dimensional representation 
is a 10 x 10 matrix with —i and +i as the only non- vanishing elements and 
are given by the intersection of the ji th row and u th column and u th row and 
fi th column with /i^y. If —% and +i are to lie immediately above and below 
the diagonal, that is when /i — v — 1, then M^ v can be expressed as 

M^-i „ = o 2 <g> diag{0, ..,0, 1, 0, 0) 

(° -*\ 

(T 2 = (2.303) 
\t J 

That is, we have expressed 10 x 10 generator, M M _i M in terms (5 x 5) <8> (2 x 2). 
Here, 1 appears at the (^) th position along the diagonal of the 5x5 matrix. 

Replacing, the letter M by £ and using Eqs. (2.291), (2.294), (2.295), 
(2.298), (2.300) and (2.301), we get 



B — L = -<72 ® diag(l, 1, 1, 0, 0) 
T 3L = ^02(8)^(0,0,0,1,-1) 

T 3R = -^02 0^(0,0,0,1,1) 

1 2 2 2 

Y = -0 2 ® dia#(-, -, -, -1, -1) 

1 2 2 2 

Q = -0 2 <8> dia#(-, -, -, 0, -2) 

X = dia#(l,l,l,l,l) (2.304) 



114 



TzL, T 3R , B — L, Y, X QUANTUM NUMBER ASSIGNMENTS OF THE STATES 
IN THE 16 OF SO(10) 



Let's begin by writing the 16 plet of matter for one generation (Eq.(2.272)) 
in terms of Standard Model particle states (Eq.(2.273)): 

|* (+ ) >= |0 > u c eL 

+\^b%\Q > + ^b\bi\0 > < + h\bi |0 > d a L + lbU\0 > et 
+leO« 6 t 6 t 6 t 6 t | > ^ + _L 6 t 6 t 6 t 6 t j0 >eI + Lb{biblbt\0 > v eI (2.305) 

For example, in order to calculate B — L quantum number assignment of 
the state u% we use Eqs.(2.291) and (2.304) to write (B - L)(b\b\ |0 >) = 
[l-\{b\bi + b\b 2 + bibz)}{b\tf a \$ >) = |(6l^|0 >). Therefore, B-L quantum 
number of ul is (B — L) u a = |. We now give a complete list of all the 
quantum numbers of Standard Model particle states appearing in the 16 plet 
of 50(10): 

(B-L) Kl = 1, (B-L) UeL = -l, (B-L) et = l, (B-L) e -=-l 
(B-L) ula = --, (B-L) v ~ = -, (B - L) d c La = --, {B-L) dl = - 

(2.306) 



( t 3l)^ l = 0, (T 3L ) VeL = -, (T 3L ) e + = 0, (T 3L ) e - = -- 
(T 3L ) u c =0, (T 3L U = i (T 3i U =0, (T 3L U = -i (2.307) 
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(T 3R ) VeL =0, (T 3R ) e+L =-, (T 3R ) e -=0 

(T 3R ) V ° = 0, (T 3R ) au = ±, (T 3R ) dl = (2.308) 

(Y) Kl =0, (Y) VuL = ~ (Y) 4 = l, (Y) e - L =-\ 

O0uu = -l 0O*l = \, (Y) dla = l (Y) dl = l (2.309) 

(QU L = 0, (QU l = 0, (Q) e + = l, (Q) eZ = -l 

= -§, Wk = | Wk„ = ^ (Ok = (2 - 310) 
(*k = | (*k* = -| P0 e + = ^ (4,=! 

w«L, = i po«2 = ^ (*k„ = -| w-s = ^ (2 - 311) 



(T 3R )u^ L 



(T 3R \ 



1 

"2' 
1 

"2' 
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Chapter 3 

Grand Unification 



One of the main effort in particle physics is to find ever more unifying princi- 
ples in particle physics. An early attempt in this direction after the for- 
mulation of the Standard Model was the work of Pati and Salam[2Bj in 
the unification of quarks and leptons within the gauge group SU(2)l x 
SU(2)r x SU(&)c- Quickly thereafter the SU(5) unification was proposed 
by Georgi and Glashow|27j wherein the gauge coupling constants of SU(3)c, 
SU(2)l and U(l)y are unified at the grand unification scale Mq- The non- 
supersymmetric models have severe fine tuning problems in keeping the Higgs 
triplet light and needs supersymmetry to relax this constraint (For a review 
see, Ref . |28t I3UI EJTj ) . However, in supersymmetric grand unification one 
of the main problem concerns the issue of breaking of supersymmetry It 
is difficult to break supersymmetry within the global supersymmetry frame- 
work and one needs local supersymmetry to do the breaking [231211 EDI- This 
leads one to contruct supergravity grand unification models[33j. The ways to 
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construct supersymmetric theories is well known and the reader is referred 
to well known reports[321 EH EI3 ED]- in the analysis to follow we will start 
with the particle spectrum of MSSM exhibited in the Table below. 



Table 4.1: Particle content of the MSSM 



Vector Multiplets 



g%x), a = 1...8 
gluons (g) 

Bfa), B*(x), a = 1,2,3 
SU(2) L x U(l)y gauge bosons 



X a (x), a = 1...8 
gluinos (g) 
\ a (x), X Y (x), a = 1,2,3 
SU(2) L x U(1) Y gauginos 



Chiral Multiplets 



3 = 



(v>iL, dm); UiR, dm 
quarks (i=generation) 
[ViL, en); em 
leptons 

Hi={H\-, Hi ); H 2 = (H 2 , H%) 
Higgsinos 



{UiL, dm); Um, dm 
squarks 

sleptons 
H\ = [H\, Hi); H 2 = {H 2 , H%) 
Higgs bosons 
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Table 4.2: Anomaly cancellations in MSSM spectrum 



bose 


fermi 


Y 


tr(Y 3 ) 


tr(T*Y) 


o 


Q 











W a 


w a 











B 


B 











L={v e~)r 




-1 


-2 


2 
4 


e c r 


e c T 


2 


8 





q = (u, d) L 


q = (u,d) L 


i 

3 


(3x2) 
v 27 / 


2 
4 




< 


4 
3 


/3x64\ 
I 27 > 





h 




2 
3 


/3x8n 
v 27 / 





(Hi, Hi) 


(Hi Hi) 


-1 


-2 


2 
4 


(H?,H°) 


(Ht,H°) 


1 


2 


2 
4 


total 






tr(F 3 )=0 


tr(Tf>>0 



As exhibited above the spectrum is anomaly free. The above spectrum can 
be accomodated in the 16+ spinor of SO(10). We will now give details of the 
techniques for the computation of couplings of the 16-plet of spinors with 
tensor representations. 
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Chapter 4 



Technique for the Evaluation of 
SO(2N) Invariants. The Basic 
Theorem 

Here we review the recently developed technique [HlliniEHllHll f° r the analysis 
of SO(2N) invariant couplings which allows a full exhibition of the SU(N) 
invariant content of the spinor and tensor representations. The technique 
utilizes a basis consisting of a specific set of reducible SU(N) tensors in 
terms of which the SO(2N) invariant couplings have a simple expansion. 

4.1 Specific set of SU(N) reducible tensors 

We begin with the observation that the natural basis [Hj for the expansion of 
the SO(2N) vertex is in terms of a specific set of SU(N) reducible tensors, 
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$ Cfc and $c fe which we define as 

A k = $ Cfe = $ 2fc + i<5>2 k -i 

A k = $c fc = $ 2fe - i$2k-i (4.1) 

This can be extended immediately to define the quantity § CiC] c k .. with an 
arbitrary number of unbarred and barred indices where each c index can be 
expanded out so that 

A l A j A k ... = $ CiC .c fc ... = <&2icfc k ... + , etc... (4.2) 

Thus, for example, the quantity & Cn c i2 c i3 ...c in is a sum of 2™ terms gotten by 
expanding all the c indices. $ Ci c j c k ...c n is completely anti-symmetric in the 
interchange of its c indices whether unbarred or barred: 

< &cic j c k ...c n — ~'&c k c j c i ...c„ etc.. (4-3) 

Further, 

K i -c j c k ...o n -^c i cfc k ...c n etc... (4.4) 



Use of quantities like Q* Ci c jCk ...c n are a l so useful in evaluating kinetic energy 
like terms such as: — jdA& l id A §j 1 , \Q A „ ab, etc.. We give the general 
results here, 



$ $ - 

Ci\ c i2 c *3 ••• c i r —i c ir C ^3 *" C V— 1 



_ _|_ ... -U $ 

c ij c ^3 ••• < ^i r _i c ir c *i c «2 C *3 " ' C V — 1 C *r *"* C H C *2 C *3 ' ' * C V — 1 C *?~ C H C *2 C ^3 *" C V— l^T" 
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(4.5) 



^ Ca . Ca - Ca Ca . Ca r- 



and 

+ d>- <$>! —I— —1— <T> _ d>t 

^^c n c i2 c i3 ...c ir _ 1 c ir ^c il c i2 c i3 ...c lr _ 1 c ir ' ■■■ ' ^c n c i2 c t3 ...Ci r _ 1 c ir ^c 

4-<f>- - <J>1- 4- 4- <f> __d>t 



4... 4 $c c c c c $4 



' ' ' C V — 1 *^ 



(4.6) 



We now make the observation that the object $ CiCj c fc ...c n transforms like 
a reducible representation of SU(N). Thus if we are able to compute the 
SO(2N) invariant couplings in terms of these reducible tensors of SU(N) 
then there remains only the further step of decomposing the reducible tensors 
into their irreducible parts. 

4.2 Basic Theorem to evaluate an SO(2N) 
vertex 

A result essential to our analysis is the Basic Theorem 6 which states that an 
SO(2N) vertex r w r M2 r M3 ...r Mr $ MlAt2Ai3 ..^ r can be expanded in the following 
fashion 



r r r r $ = &t £,t t»t t»t <i> 
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•• bi$-c ilCi2 c i3 ...c ir + perms) + (b il b l2 bl 3 ...b{®c n c t2 c I3 ...c lr + perms) 
+... + (b il b i2 b is ..A r -A r ®c n c 12 c l3 ...c Ir _ 1 c lr + perms) 

+ b h b i 2 bi 3 ■ ■ ■ bi r $ Ci 1 Ci 2 c i3 . . . c ir 

(4.7) 

Eq.(4.7) is the basic result we need in the analysis of the S0(2N) invariant 
couplings. It is found convenient to arrange the right hand side of Eq.(4.7) 
in a normal ordered form by which we mean that all the 6's are either to 
the right or to the left and all the b^s are either to the left or to the right 
using strictly the anti-commutation relations on the 6's and b^s of Eq.(2.124). 
When a pair of and b have a summed index such as we will move 
them together either to the left or to the right. After normal ordering one 
decomposes &ciCjc k ..c„ into its SU(N) irreducible components. The final step 
consists of carrying out the process of removing all the b and using the anti- 
commutation relation (2.124) and the condition 6j|0 >= (Eq.(2.157)), thus 
allowing one to compute the couplings in the SU(N) invariant decomposition. 
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Chapter 5 

Complete Cubic Couplings of 
Bilinear Spinors and 10, 120 
and 126 plet in SO(10) 
Unification 

We illustrate the technique developed in chapter HI by giving a complete 
analysis of the trilinear couplings jH] in the superpotential with the 16 plet of 
matter and 16 plet of Higgs. Since 16 x 16 = 10 s + 120 as + 126 s , we compute 
explicitly in terms of SU (5) fields the couplings 16 — 16 — 10 s , 16 — 16 — 120 as 
and 16 — 16 — 126 s . Further, we discuss that the coupling of the 126 with 
matter leads to extra zeros in the Higgs triplet sector and the existence of 
such zeros can enhance the proton decay lifetime. 
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5.1 The 10 plet, 120 plet and the 126 plet 
couplings in the superpotential 

The procedure of chapter 0] makes it straightforward to analyze the SO(2N) 
invariant couplings involving large tensor representations. As an example 
of our technique we give a complete determination of the superpotential at 
the trilinear level involving two spinor representations, which consists of the 
couplings 16 x 16 x 10, 16 x 16 x 120 and 16 x 16 x 126. We also compute 
the same interactions with 16 plet of matter replaced by 16 plet of Higgs. 

(a) 16 x 16 x 10 coupling 

We begin by computing the 16 x 16 x 10 coupling 6 which is given by 

w (% = C < %)J5r,|§ (+)6 > (5.i) 

where are the Yukawa coupling constants and semi-spinors *ff(±) with 
a ~ stands for chiral superfields. Following the procedure of chapter 0] we 
decompose the vertex so that 

= + b\® Ci (5.2) 

In Eq.(5.2) the tensors are already in their irreducible form and one can 
identify 

$ C! = W- <£- = h, (5.3) 
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with the 5 plet and 5 plet of Higgs respectively. To normalize the tensors we 
define 

^ = V2Hf, W = (5.4) 
so that the kinetic energy — d A ^ ll d A ^ of the tensor $ M takes the form 

L™- Hi99S = -d A ^d A H\ - d A Wd A H ij < (5.5) 

where A(= 0, 1, 2, 3) is the Dirac index. 

Using the above we compute the 16 — 16 — 10 coupling and find 

= <2V2/r +) [MfM,H 3 + (-MjM^ + \e ljklr MfM!f ) H m 

(5.6) 

where /^ )(±) are defined by 

In the equation above, for example Mj represents the transpose of the chiral 
superfield, etc.. Note that /^ (±) are symmetric (antisymmetric) under 
the interchange of generation indices d and b. As expected the 16-16-10 
couplings given by Eq.(5.6) are correctly symmetric in the generation indices. 
We note that the couplings have the SU (5) invariant structure consisting of 
1m - 5 M - 5h, 10m - 5 m - 5h and 10 M - 10m - 5 H - 
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(b) 16 x 16 x 120 coupling 



Next, we discuss the 16-16-120 coupling[Uj denned by 

W (++) = 5j/iT < n + )a\ Br ^P0( + )i > (5-8) 



where 

r^r^r^ = 1) p r| tp(1) r i/F(2) r Pp{3) (5.9) 

o. p 

with J2p denoting the sum over all permutations and Sp takes on the value 
and 1 for even and odd permutations respectively. 
We expand the vertex using Eq.(4.7) and find 

r^,r A $^ A = bibjhQ^ + blb]b{$ CiCjCk + siblbjh®^ + b\b]b k $ CiCjSk ) 

+3(b i $- CnCn - Ci + bt$c nCnCi ) 

(5.10) 

The 120 plet of 50(10) has the SU(5) decomposition 120 = 5 + 5 + 10 + 
10 + 45 + 45. The tensors in Eq.(5.10) can be decomposed in terms of the 
irreducible 577(5) tensors as follows: 

^CiCjC k — C J him, *&CiCjC k — tijklrnft , &c n c n Ci = h ,&c n c n Ci = hj (5.11) 

where hj, h\ hy, h u , , h* fc are the 5, 5, 10, 10, 45 and 45 plet representations 
of S77(5). To normalize them we make the following redefinition of fields 

\/3 \/3 \/3 fc 



4 12 
hj = -^Hj, hij = -j=Hij, W jk = -j=Y\) k (5.12) 
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In terms of the redefined fields the kinetic energy term for the 120 multiplet 
which is given by — Oa^^uX d A ^ uX takes on the form 



—^Hjfc^Hjt - ^H^H^ - d A Hid A H\ (5.13) 



A straightforward computation of Eq.(5.8) using Eqs.(S.lO) 1 , (5.11) and 
(5.12) gives 



• 2 (120)(-) 



a/3' 



db 



-2MjM^H* - MV T M^Hj 
+MT ; M^.H^ + MV T M 6 H ij 



di bj 
1 



c l\/f^ T l\/f m "l-l fe ' 

e ij - fcJm JVi d JVig M„ 



(5.14) 



The front factor / 



(120)(-) 
ab 



in Eq.(5.14) exhibits correctly the anti-symmetry 



in the generation indices. Further, the couplings have the 1m — 5m _ 5//, 
\ M - 10m - 10//, 5 M - 5 M - 10//, 10m - 5 M - 5h, 5m - 10m - 45// and 
10m ~ 10m — 45// SU(5) invariant structures. 



(c) 16 x 16 x 126 coupling 



1 Thc symmetrical arrangement in the first brace of Eq.(5.10) is necessary for achieving 
an automatic anti-symmetry in the generation indices for the SU(5) 10m — 10m — 45// 
coupling. 
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We now turn to the most difficult of the three cases, i.e., the 16 — 16 — 126 
coupling [6: which is given by 

W (3) = < n +] ,m,T u T p T x T^ {+)() > % upXa (5.15) 

For the reduction of the 5*0(10) vertex it is more convenient initially to work 
with the full 252 dimensional tensor, E^xpv which can be be decomposed as 
^u\pa=^ixuXpa+ ^^u\pa, where 

Qfii/Xpa \ 1 / i 



2 



(^ f _ ia 5 u /35 pl 5xs5 a g ± —^e^pXaa^se^ ^a^se (5.16) 



and where the §p U \ pa is the 126 plet and <&p U \ pa is the 126 plet represen- 
tation. These representations break into the SU(5) irreducible parts as 



126 = 1 + 5 + 10 + 15 + 45 + 50 and 126 = 1 + 5 + 10 + 15 + 45 + 50. We 
begin by expanding YpY u Y\YpY a E pu \ pa using Eq.(4.7)and following steps sim- 
ilar to the previous case using normal ordering: 

r \jY \jY \Y p Y \^p, v \ pa — bibjbfcb'ibln^c.Cj^c^ + bibjbkbib m ^ci5jc k cic m 
+5b i bjb h b [ b m z, c . C:jCkCl c m + 56j6j6fc^6 m ^ Ci c j5fe c ; c m 
+10fot&j6+fy6 m H CiC . Cfegj c m + 10b\b}b k bib m E CiC]5k5l5rn 
+ 106f6]6|.S CiCjCfc c nCn + lQb i b j b k 'Ec. t c j c k c n c n 
+30b i b j bkE CiC .c k c nCn + SOblbjbkEc^CkCnCn 

+ 156j^, Ci c n c n c p cp + 156i^Cic n c n cpc p (5-17) 

The SO (10) reducible tensors appearing in the equation above can be ex- 
pressed in terms of irreducible SU(5) tensors as follows: 

75 " _ pj. 

n ijk 
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- J Cj CjCfcCi Cn 



- = h jk + - (S k h j - S j h k 

Lijfci i _ fsi Ujkl _ fij foikl _|_ rfe Lzji _ d i ijfc 
m ~ 2 \ m m ~ m u rn 

= ^ + \ (« ~ Sjlft + M - SM" + « fe - 6 k m h? 
+^ ( W - if^h* - + (^M + 6i6 k y - 5 k 5lW 

i — u klm ^ 2 \ k n lm °l n km + °m n M °A: rl /m + °Z rl fcm °m n kl 



1 1 C-i Cj Cfc C\ Cn 



^CiCjC k cic m — eJ h, ^CiCjCkCiCm = ^ijklrrM 

(5.18) 

The fields that appear above are not yet properly normalized. To nor- 
malize the fields we carry out a field redefinition so that 

2 2 l~2 Fl 

h = ^H, h = ^H, h* = 4W-H\ h i =4W-H i 
15 ' a/15 V5 ' V5 

lm 



• ijk ^JJklmy, ■ [2~ . 

n = y — e M im , hy fc = y — eijki m r\ 



L,i _ . / , uni ujklm _ / 2 jfc/ mn i_|(S) 



h^ = 4=H«f, h<™ t = -LH^ (5.19) 



The kinetic energy for the 252 plet field —dj^ tlv x p(7 d A 'E} yiVXpa in terms of the 
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normalized fields is then given by 



~d A H^d A H^ - I^Hy^Hj,. - ±d A \\f d A Hf f 

1 d A H%d A H^ - ^Hj^Hg* (5.20) 



3!2 



where H(H), H„ H*, H« H y , Hjf , Hfo, Hf , H* fc , Hg£, Hj£ are the 1, 5, 5, 10, 10, 
15, 15, 45, 45, 50, 50 plet representations of SU (5). 
Finally, Eq.(5.15) gives 



w (++! 



• \2l f (126)(+) 
1 15 ^ 



-^2MjM^H + MjMVH 



(5.21) 



As in the 10 plet tensor case the couplings are symmetric under the in- 
terchange of generation indices. Further, the 16 — 16 — 126 coupling has the 
SU (5) structure consisting of 1m — 1m — Iff, 1m — 5m — 5//, 1m — 10m — 10//, 
10m — 10m — 5#, 5m — 5m — 15//, 10m — 5m ~ 45// and 10m — 10m — 50m- 
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5.2 Large representations, textures and pro- 
ton lifetime [6] 

Proton decay is an important signal for grand unification and detailed anal- 
yses for the proton lifetime exist in SU(5) models|35, 36J and in 5*0(10) 
models jH3 Hl|- In this section we discuss the possibility that couplings in 
the superpotential that involve large representations can drastically change 
the Higgs triplet textures and affect proton decay in a very significant man- 
ner. These results are of significance in view of the recent data from Su- 
perKamiokande which has significantly improved the limit on the proton de- 
cay mode p — > v + K + . Thus the most recent limit from SuperKamiokande 
gives r/B(p — > v + K + ) > 1.9 x 10 33 yr[3Sj- At the same time there is 
a new lattice gauge evaluation of the three quark matrix elements a and 
(3 of the nucleon wave function jHSj (where a and (3 are defined by e a bc < 
0\e a pd% R u% R ul L \p >=aul and e abc < 0\e a pd% L u% L u]. L \p >=f3ul). The more re- 
cent evaluation of Ref.jSH] gives a = -0.015{l)GeV 3 and (3 = 0.0U(l)GeV 3 
which is a factor of about two and a half times larger than the previous 
evaluations. The new experimental limit on the proton decay lifetime [38 
combined with the new lattice gauge evaluations have begun to constrain 
the SUSY GUT models prompting some reanalvses |4U[ HTj. In this context 
the enhancement of the proton lifetime by textures is of interest. To make 
this idea more concrete we define textures in the low energy theory in the 
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quark lepton sector of the theory just below the GUT scale as follows 

W Y = -M H H u H 2t + {lA E e c h x + qA D d c h l + h 2 u c A u q) 
+ (qB E lH lt + e abc H lta d c b B D u c c + H 2ta u c a B u e c + e abc H« t u b C u d c ) (5.22) 

where A E , A D and A u are the textures in the Higgs doublet sector and 
B E , B D , B u and C u are the textures in the Higgs triplet sector. A clas- 
sification of the possible textures in the Higgs doublet sector is given in 
Refs. (121 EH] • For our purpose here we adopt the textures in the Higgs dou- 
blet sector in the form 
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(5.23) 

As is well known [121 the appearance of -3 vs 1 in the 22 element of A E vs 
A D is one of the important ingredients in achieving the desired quark and 
lepton mass hierarchy and may provide an insight into the nature of the fun- 
damental coupling. Now the textures in the Higgs triplet sector are generally 
different than those in the Higgs doublet sector and they are sensitively de- 
pendent on the nature of GUT and Planck scale physics^!]. The current 
experimental constraints on the proton lifetime leads us to conjecture that 
the Higgs triplet sector contains additional texture zeros over and above the 
texture zeros that appear in the Higgs doublet sector and the coupling of the 
126 tensor field plays an important role in this regard. In the following we 
shall assume CP invariance and set the phases to zero in Eq.(5.23). Since 
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in this case the textures of Eq.(5.23) are symmetric it is only the 10 plet 
and the 126 plet of Higgs couplings that enter in the analysis and the 120 
plet couplings do not. To exhibit the above phenomenon more concretely we 
consider on phenomenological grounds a superpotential in the Yukawa sector 
of the following type 

W Y = f§\Y, M)^g 6 + fif (Y, M)^ 2 0ff + f$(Y, M)iM*^S? 
+/g ) (Y, M)^ 2 cj>% + f£\Y, M)^4>% + f§(Y, M)^3</>$ 

+fg ) (Y,M)^ 3 cf>V (5.24) 

where M is a superheavy scale and flf (Y, M) and f-^ (Y, M) are functions 
of a set of scalar fields Y which develop VEVs and the appropriate factors 
of < Y n cj) > /M n generate the right sizes. The model of Eq.(5.24) is of 
the generic type discussed in refs. |HJ EB] ■ We do not go into detail here 
regarding the symmetry breaking mechanism, the doublet-triplet splitting 
and the mass generation for the pseudo-goldstone bosons. All of these topics 
have been dealt with at some length in the previous literature |45( I%1 I§1 14b[ IT2] . 
Further, while models with large representations are not asymptotically free 
and lead rapidly to non-perturbative physics above the unification scale, the 
effective theories below the unification scale gotten by integration over the 
heavy modes are nonetheless perfectly normal and thus such theories are 
acceptable unified theories. For our purpose here we assume a pattern of 
VEV formation for the neutral components of the Higgs so that < > 
develops a VEV along the SU(5) singlet direction (this corresponds to H in 
Eq.(5.21) developing a VEV), < <j$ > develops a VEV in the 5 plet of SU(5) 
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direction (this corresponds to Hj developing a VEV in Eq.(5.6)), < 0^ > 
develops a VEV in the 5 plet direction (this corresponds to H m developing 
a VEV in Eq.(5.6)), < > develops a VEV in the direction of 45 plet of 



Higgs (this corresponds to Hf - in Eq.(5.21) developing a VEV), and < <j$- > 



126 



develops a VEV in the direction of 5 plet of Higgs (this correspons to H m 
in Eq.(5.21) developing a VEV). It is the VEV of the 45 plet that leads to 
-3 and 1 factors in A E vs A D . The superpotential of Eq.(5.24) with the 
above VEV alignments then leads automatically to the textures in the Higgs 
doublet sector of Eq.(5.23). One may now compute the textures in the Higgs 
triplet sector that result from superpotential of Eq.(5.24). One finds 

/0 / 0\ /0 c 0\ 



B E = 



f 
VO dj 



,B U = 



c 

Vo o o/ 



(5.25) 



and B D = B E and C u = B u . We note the existence of the additional zeros 
in B E and B D relative to A E and A D and in B u and C u relative to A u . The 
existence of the additional zeros in B E , B D ,B U and C u increases the proton 
decay lifetime. We discuss the origin of the additional zeros. It is the coupling 
of the matter sector with the 126 of Higgs which contributes a non-vanishing 
element in the Higgs doublet sector produces a vanishing contribution in the 
lepton and baryon number violating dimension five operator or equivalently 
generates a corresponding zero in the texture in the Higgs triplet sector. The 
reason for this is rather straightforward. While one also needs a 126 plet of 



Higgs to cancel the D term generated by the VEV of the 126 of Higgs, the 
126 plet of Higgs has no coupling with the ordinary 16 plet of matter. Since 
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the only bilinear with the 126 in the superpotential is of the form 126 x 126 
(i.e., one cannot write a (126) 2 term in the superpotential) one finds that 
no lepton and baryon number violating dimension five operators arise as a 
consequence of integrating out the 126 and 126 of Higgs which effectively 
corresponds to a texture zero in the Higgs triplet sector. Of course, the extra 
zeros in the Higgs triplet sector could also arise from accidental cancellations. 
However, the group theoretic origin is more appealing. 

The superpotential of Eq.(5.24) also generates a Dirac neutrino mass ma- 
trix. However, a full analysis of neutrino masses requires a model for the 
Majorana mass matrix Muaj to generate a see-saw mechanism [HT so that 
M v ll = —Mj LR M^ I 1 a jM U Lji where the mass scale associated with Mu a j is 
much larger than the mass scale that appears in M u lr. Muaj depends on 
flf in Eq.(5.24) which are in general additional arbitrary parameter s[2j. [For 
a review see Ref.|48j]. The appearance of MMaj in the analysis of neutrino 
masses with additional arbitrary parameters and a scale much larger than 
the mass scale that appears in M v lr implies that there is not a rigid rela- 
tionship between proton decay and neutrino masses in SO (10). Nonetheless, 
it is interesting to investigate the correlation that exists between these two 
important phenomena in specific models. For further application of these 
techniques in the context of proton decay see Ref. 



5.3 Appendix A 

In this appendix we give a proof of -3 vs. 1 ratio in the textures A E vs. A 
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In the 126 couplings one has a 45 coupling with matter type 



where k — 1, .., 5 and 





k 

Let there be a VEV formation so that < >^ 0. Then anti-symmetry 
and traceless condition allows one to write 



This gives the -3 vs. 1 factors that appear in A E vs. A D in Eq. (5.23) 

5.4 Appendix B 

In this appendix we give a proof of textures in the Higgs doublet sector. 

Consider the 10 plet and 126 plet couplings and assume that the 10 plet 
develops a VEV in the SU(5) 5 plet direction. This gives mass to the down 
quark and to the lepton. The hypercharge of the Hj Higgs is —1. From Eq. 




The above implies that in the color sector (a, ft = 1,2,3) one has 



and in the charged lepton sector one has 



< H4 « >= -\ 



a 
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(5.6), we see that the mass growth for the down quark and the lepton are 
the same. Then one has 



M d ~ C W < > 



m, ~ ir' < 10- > 



From the analysis on the mass growth from the 126 of Higgs one has 

M d ~ f™ (+) < 126- > 

M e ~ -3f ( p +) < T26- > 

Combining the above results we have for the mass growth in the down quark 
and lepton sector from the VEV growth of 10 plet and 126 

M d ~ /«<+' < 10- > + fT M < 126- > 

M^/ir'<10->-3/r ,+> <T26-> 

Next let us look at the up quark and Dirac neutrino masses. Here let us 
begin with a 10 plet of Higgs which develops a VEV in the 5 plet of SU(5). 
The Higgs that develops a VEV has hypercharge +1. Then from the 10 plet 
couplings we find 

M u ~ f, h < 10+ > 



M vLR ~ -C W < 10 + > 



Next we look at the 126 coupling. Here let us assume that 126 of Higgs 
develops a VEV along the direction of 5 plet of Higgs. Then one has that 
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the up quark and Dirac neutrino masses are given by Then from the 10 plet 
couplings we find 

M u ~ /!f (+) < T26 + > 
Mulr ~ sff K+) < 126+ > 



Together, the 10 + and < 126 > VEV's produce the following results 

M. ~ C W < 10+ > + /r <+ ' < 126+ > 

Mulr ~ -rr*' < W + > +3/™' < T26 + > 
Now the overall sign in the M u lr case is opposite to that in Ref . [13] . However, 
we can let v c — > v c . In this case one finds the following four relations 

u d ~ < io- > + fT" < w > 

M„ ~ < 10- > -3 /lr ,<+> < 126" > 



M d ~/:r'<io-> + /r + '<T26-> 
M e ~/ 4 r<io-> +3 r ,(+, <«-> 

These relations are the same as in Ref.jTSJ- 

Next let us look at the superpotential given by Eq. (5.24) and make the 
following identifications: 

0$ = 10^; 0$ = 10+ 

0«=T26- 0^ = T26 + 

Then it follows that one has the textures in the Higgs doublet sector of the 
type given by Eq.(5.23). This completes the proof. 
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5.5 Appendix C 

In this appendix we give a proof of extra zeros in the Higgs triplet sector. 

We begin by considering Yukawa coupling in the superpotential so that 
126 and 126 appear. Then the superpotential reads 

where J and K depend on the matter fields. Now only the 126 couples with 
the three generations of matter and 126 has no coupling with the three spinor 
generations. Thus 

Kpi/Xpa 

Next let us consider a mass term for the 126 and 126 of Higgs. We note 
that 

126 x 126 = (54 + 1050 + 2772 + 4125) A + (945 + 8910) 5 

One finds that there is no singlet in the product. So we cannot form an 
5*0(10) invariant mass term out of the product of two 126's. The same 
argument applies for the product of two 126's. However, consider the product 
of 126 and 126 

126 x T26 = 1 + 45 + 210 + 770 + 5940 + 8910 

This time we see that there is singlet and we can write a mass term. 
Including the mass term the superpotential with Yukawa couplings is 
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Let us now vary the superpotential with respect to $ M ^Apo- and $^Apo- and 
eliminate them using field equations. Then one has the following superpo- 
tential of dimension-5 

Next we use the fact that-K^Apo- = 0. And thus 

W 5 = 

Normally, W$ carries the lepton and baryon number violating dimension five 
operators. Therefore, for the case of couplings involving 126, the lepton 
and baryon violating interactions vanish. This is directly due to the fact 
that 126 plet has no couplings with matter. Alternatively, one can say that 
the corresponding texture element in the Higgs triplet sector is zero. This 
explains the zero in the 22 element in B E and B D and the zeros in the 23+32 
and 33 elements of B u and C u (see Eq. (5.25)). These are the extra zeros 
over and above the extra zeros in A E , A D and A u of Eq. (5.23). 
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Chapter 6 

Complete Cubic Couplings of 
Bilinear Spinors and 1, 45 and 
210 plet in SO(10) Unification 

Our focus in this chapter is the computation of cubic couplings in the super- 
potential H2| of the form: 16-16-1, 16-16-1, IS- 16 -45, 16-15-45, 
16 — 16 — 210 and 16 — 16 — 210. The vector couplings |1 9 j of the form: 
16 f - 16 - 1, I6 f - IS - 1, 16 f - 16 - 45, 16 f - 16 - 45, 16 f - 16 - 210 and 
T6 1 " -16 - 210 are also analyzed. 
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6.1 SO (10) -invariant cubic superpotential cou- 



plings involving semi-spinors 16 and 16 
and tensors of dimensionality 1, 45 and 
210 

The interactions of interest in the superpotential involving 16 and 16 semispinors 
are of the form 



'(-+) - IL ab ^ *(-)dl-"l*(+)6 

<+) = li h 7 < > V (6-2) 



w (-+) = l h T < *(-)4l^r„r,r A] |f > <w (6.3) 



(a) 16 x 16 x 1 and 16 x 16 x 1 couplings 

We first present the result of the trivial 16 x 16 x 1 couplings. Eq.(6.1) 
at once gives 

W« +) = ih% (NjM, - -MV + N«M fc ) H (6.4) 
where H is an 5*0(10) singlet. A similar analysis gives W^_^ and one has 
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(b) 16 x 16 x 45 and 16 x 16 x 45 couplings 

To compute the 16 x 16 x 45 couplings we expand the vertex E^^j, us- 
ing Eq.(4.7) where is the 45 plet tensor field 

V $ =1 (&.&•<&-- +fetftt$ +26^6 $ - - $ - ^ ffi 6) 

The reducible tensors that enter in the above expansion can be decomposed 
into their irreducible parts as follows 

= h; ^ = h* + ^.h; <I>,,, h": ^ = K 3 (6.7) 

To normalize the SU(5) Higgs fields contained in the tensor <3> M1 ,, we carry 
out a field redefinition 

h = VlOH; hij = V^Hif, h ij = V2H ij ; h} = y/2H). (6.8) 

In terms of the normalized fields the kinetic energy of the 45 plet of Higgs 
—dA® l ju,d A & takes the form 

Lf- Hi99S = -d A Hd A H^ - i^H^Hj, - ^d A H^d A H^ -d A H)d A ^. (6.9) 

The terms in Eq.(6.9) are only exhibited for the purpose of normalization and 
the remaining supersymmetric parts are not exhibited as their normalizations 
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are rigidly fixed relative to the parts given above [2H]- Finally, straightforward 
evaluation of Eq.(6.2) using Eqs.(6.6)-(6.8) gives 



1 ,(45) 

V2 dh 



+ (-NjMf + -e^N^M^J H 
+ ( -NLA + le iiklm N? Mf H 



2 m 



Nf'M, ) H'. 



(6.10) 



From Eq.(6.10), one finds that the 16^ — 16m — 45// couplings consist of the 



following SU(5) invariant components: 5^ — 5 



M 



1hA0m-W 



>M 



1a/ ~ 1//, liv — 10m — 10//, 10jv — 5m — 10//, IOat — 1m — 10//, 5jy — 10m — 
10//, 10jv — 10m — 24//, and 5^ — 5m — 24// couplings. One can carry out a 
similar analysis for W/^ 5 \ and one finds 



1 , (46) 

71 di 



v/5 ( -Mj,N| + — Mf T N,. . 
1 g 6 10 



M 4 A N 6 1H 



1 

— ( 

2 



+ f -Mi mT N, + -e^M^N^ ) H lm 



+ 



-M a T N^ m + ie^ w MfNf) H 
+2 (Mf T % - M£Nj) H 



(6.11) 
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(c) 16 x 16 x 210 and 16 x 16 x 210 couplings 

We now turn to the computation of the 16 x 16 x 210 couplings. Using 
Eq.(4.7) we decompose the vertex T^T^TpTx^^pX so that 

rvr„r p r A <v pA = 4&}&t&t&,$ c . q . CfcJ!l + 4^6^$^ - Cl + b\b)b\b\<$> ClC]CkCl 

+b i b j b k b l ^-c-c k c l - 6b\b]$ CiCjCm - Cm + Qbib^- c - c ^ mCm 
+3$ Cm c mC „c n - \2b\bfi c - CjCm - Cm + 6blb]b k bi$ CiCj c k c r 

(6.12) 

The tensors that appear above can be decomposed into their irreducible parts 
as follows 

1 1 
$- - =h- $ = e- ui h m - <3> = _ e ^ Mm h 

= hg + ± (i/hj - ijhf + ajh{ - + 1 - h 

= hj,- fc + i (<$&hy - tfjh* + fc) (6.13) 

where h, If, hj, h tj , h^, h*, hf fc ; h* fc; and hg are the 1-plet, 5-plet, 5-plet, 10- 
plet, 10-plet, 24-plet, 40-plet, 40-plet, and 75-plet representations of SU(5), 
respectively. We carry out a field redefinition such that 



h = 4^H; h* = 8A/6H*; h* = 
146 



/2 H , . 



~~ V 3 ' 



(6.14) 



Now the kinetic energy for the 210 dimensional Higgs field is 
—dA^fivpX^^uvpXi which in terms of the redefined fields takes the form 



2! 



2! 



3! 



2! 2! 



(6.15) 



Evaluation of Eq.(6.3), using Eq.(6.12) and the normalization of Eq.(6.14) 
gives, 



. /2 (210) 

i\\-h,i 
y 3 ab 



-J- ( NjMr + — NJ..MV + -Nf M,. ) H 
2 V 2 V 10 b 5 



V3 



4 r . a Mf + ic yHm N5,-M fa )H Im 



1 

— ( 

6 



1 , 



6 

•A- 



g- -aire fj j ■ ■] 

e ijklm NlMiM\ 



din bj klm 



+-NljMf H% + NjM^.H* + Nf M,H. 



(6.16) 



We note that 16jv — 16m — 210// couplings have the SU(5) invariant structure 
consisting of 1 N -1 M - 1 H , 10 N - 10 M - Iff, 5 N - 5 M - 1//, 10jv - 1m - 10//, 
5at — 10m _ 10//, l^v — 10m _ 10//, 10at — 5m — 10//, 5^ — 5m — 24//, IOtv — 
10m - 24//, 5 W - 10 M - 40//, TUjv - 5 M - 40//, TOjv - 10 m - 75//, ljv - 5 M - 
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5//, 5 at — 1m — 5h- An analysis similar to that for Eq.(6.16) gives 



w (+ 10) ) = t^T < n^m^r^^ > <tw 



4! 

/2 , (210) 
3^ 



2 



10 



V3 



4 - (MjN 6im 



+ ^e l3Wm MfNf ) H 



lm 



4 V 



+ - 



V3 



2" V M " N 1 + | M ^^ 



h;. 



. (6.17) 



We note that the couplings of w| 21 °j are in general not the same as in 
Thus some of the terms have signs which are opposite in the two sets. Further, 
we note that there are in general two ways in which the 40 plet and the 40 
plet can contract with the matter fields. For the case of Wj 2 . 1 ^ one of the 40 
plet tensor index contracts with the tensor index of the 10 plet of matter and 
similarly one of the tensor index on the 40 contracts with the tensor index in 
the 10 of the 16 (see Eq.(6.16)). However, in the W/ 2 ^ couplings this is not 
the case. Here one of the tensor index of 40 plet contracts with the tensor 
index in of the 5 plet of matter and similarly one of the tensor index in 40 
contracts with the tensor index in the 5 plet of matter (see Eq.(6.17)). 
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6.2 SO(10)-invariant cubic vector couplings 
involving semispinors 16 and 16 and ten- 
sors of dimensionality 1, 45 and 210 

For the construction of couplings of vector fields with 16 and 16 plets, it 
is natural to consider the couplings of the 1 and 45 vector fields as abelian 
and Yang-Mills gauge interactions. However, one cannot do the same for the 
16 — 16—210 and 16 — 16—210 couplings. These interactions cannot be treated 
as gauge couplings as there are no corresponding Yang-Mills interactions for 
the 210 plet. For this reason we focus here first on the computation of the 
gauge couplings of the 1 and 45 plet of vector fields. The supersymmetric 
kinetic energy and gauge couplings of the chiral superfield $ can be written 
in the usual superfield notation 

J d 4 etr(Pe 9 ^$) (6.18) 

where V is the Lie valued vector superfield. Similarly the supersymmetric 
Yang-Mills part of the Lagrangian can be gotten from 

J d 2 6 tr(W & W & ) + J d 2 6 tr(W^W) (6.19) 

where W Q is the field strength chiral spinor superfield. Since supersymmetry 
does not play any special role in the analysis of 50(10) Clebsch-Gordon co- 
efficients, we will display in the analysis here only the parts of the Lagrangian 
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relevant for our discussion. Thus the interactions of the 16 with gauge vectors 
for the 1 and 45 plet cases are given by 

L (++) = U < *(+)"l7Vl%)6 > $a (6.20) 
C) = < ^ItV^I*^ > ^ (6.21) 

where g's are the gauge coupling constants, and §a and Qa^v are gauge ten- 
sors of dimensionality 1 and 45, respectively. Similarly one defines L(^_), 
L[1 5 1) with ^+ replaced by in Eqs.(6.20) and (6.21). 

(a) 16 f x 16 x 1 andl6 t xT6x 1 couplings 

We first present the result of the trivial 16 x 16 x 1 couplings. Eqs.(6.20) 
and (4.7) at once give 

L (++) = 92 + l -M &ijl A M{ + M! 7 ^M^) G a . (6.22) 

The barred matter fields are defined so that M^- = etc. 
A similar analysis gives L(jL) and one has 

L (- ) -)=^<^l7Vl^>$A 

= g% (n, 7 ^N 6 + ^VN^. + N^Nj) Ga- (6.23) 

(b) 16 f x 16 x 45 and l6 f x 16 x 45 couplings 

We next discuss the couplings of the 45 plet gauge tensor ^ A ^u whose 
decomposition in terms of reducible SU(5) tensors can be written similar 
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to Eq.(6.6). This can be further reduced into irreducible parts similar to 
Eq.(6.7) by 

®Ac n c n = gA] <&Ac- Cj = g Aj + \b)gA] <&Ac iCj = g A ] $ Acfc, = gAij (6.24) 

and normalized so that 

g A = 2V5G A ; g Aij = V2G Aij ; g i i = V2G l i; g% = V2G%. (6.25) 

The kinetic energy for the 45-plet is given by —^F^Fabhv, where Tff 
is the 45 of 5*0(10) field strength tensor. In terms of the redefined fields, 
45-plet 's kinetic energy takes the form 

^■n 9au9e = -\QabG ab ^ - ~G ABii Gf B - \Gf Bi G ABi (6.26) 

where T A ® is the 45 of SO(10) field strength tensor. As mentioned in the 
beginning of this section we do not exhibit the gaugino and D terms needed 
for supersymmetry since their normalization is fixed relative to terms exhib- 
ited in Eq.(6.26). Using Eqs.(6.21), (6.6) and the above normalizations we 
find 

3„i 1 



I (45) _ («) 
L (++) _ 9ab 



V5 (--M dl A M k + -M,wr + M dl A M^j G A 

~ (M^yX + l -e l3kln M &1 A mf^ Gf 

+V2 (M Aikl A Mf + M j ^ A M it ) G%] . (6.27) 

A similar analysis gives 

L(- 5 -) = ~C < *(-),l7°7%^ ( _ )6 > ^ 
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(45) 
9ab 



+ 7! ( n ^ An > + ^ N *^ N fe*) 



-V2 (NiVN ta + N^Nj) Gjy] . (6.28) 



(c) 16 f x 16 x 210 and 16 f x 16 x 210 couplings 

We discuss now the 210 vector multiplet. This vector mutiplet is not a gauge 
multiplet with the usual Yang-Mills interactions. This makes the multiplet 
rather pathological and it cannot be treated in a normal fashion. Specifically 
Eq.(6.18) is not valid for this case in any direct fashion. However, for the 
sake of completeness, we present here the SO (10) globally invariant couplings 
corresponding to Eq.(6.21). Thus we have 

C) = < *( + )al7Vr [M r^r A] |* (+)6 > (6.29) 

To compute the couplings we carry out expansions similar to Eqs.(6.12) and 
(6.13) and to normalize the fields we carry out a field redefinition 

gA = 4W y G A ; g A = 8V6G A ; g Ai = 8V6G Ai 



g§' = V2G2; g Aij = V2G Aij] g% = V2G% 
Sai = y^ G ^' ^Ajki = <\j^G Ajkl ; gj kl = -^^Aki (6.30) 



so that the 210-plet's kinetic energy —jF^xFabhupX takes the form 

\-Z~ 9au9e = -\QabQ ab ' - \Q\ B Q Am - —GlsG^ 
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' ^>ABp>i £\2 ABl 1 4 2! 2 ABkl kl 



(6.31) 



As discussed above, the 210 vector multiplet is not a gauge multiplet and 
thus the quantity Gab is just an ordinary curl. Using Eqs.(6.29), (6.12) and 
the normalizations of Eq.(6.30) one can compute L^°j. One finds 

1 (210) 



, (210) _ ^ 

(++) ~~ ^/e 9&i > 



V5 (M & 7 A M S - + hf^M^ G A 

+^ (-M d7 A Mf + ^ klm M Aijl A M^ G Alm 



1 



1 ^ 



.(6.32) 



A similar analysis gives 



(210) _ J- 

"(— ) ~ 4! 



(210) 



9T < ^HdliVr^r^ji*,^ > ^Afn/px 



1 (210) 



Vb (n^N^ - -NJ- + -N dl7 A Nj) G A 
+f (K m i A ^ ~ i^N^N^) G* m 



+v/3 (-N^Nj + ^nJVn^) Gjy 



bij 
1TVT _,At 



.i=N^ 7 A N^.G^ + 2N d7 A N^ + 2N d , 7 A N^G^ 



(.6.33) 
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Supersymmetrizations of Eqs.(6.32) and (6.33) requires that we deal with a 
massive vector multiplet and this topic will be dealt in chapters 8 and 9|2U]. 

6.3 Appendix 

In this appendix we expand some of the 5*0(10) interactions in the familiar 
particle notation and exhibit the differences between some of the 16 — 16 — 45 
and the 16 — 16 — 210 couplings. We start by looking at the gauge interactions 
of the 24 plet of SU(5) in 16 — 16 — 45 coupling. We can read this off from 
the last term in Eq.(6.27). Disregarding the front factor, this term is of the 
form 



An expansion of Eq.(6.34) using the SM particle states defined by Eq. (2.273) 
gives 




(6.34) 



x=l 




--D aRl A B A D bR - E aRl A B A E m 



+... 



(6.35) 
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where V X A is an SU(3) octet of gluons, is an SU(2) isovector of inter- 
mediate bosons, Byi is the hypercharge boson, r y and \ x are the usual Pauli 
and Gell-Mann matrices, and the dots stand for the couplings of the lepto- 
quark/diquark bosons to fermions. The above result, of course, contains the 
SM interactions. Next, let us look at the vector interaction of the 24 plet of 
SU(5) in the 16 — 16 — 210 coupling. This can be read off from Eq.(6.32) 
and one has 



Eq.(6.36) shows that the 24 plet of SU(5) couplings in 16 - 16 - 210, unlike 
the case of the 24 plet couplings in 16 — 16 — 45, do not contain the same 
exact interactions as in the Standard Model. 



... l 9 db r , 4 /n (210) Y"77 x n 

- o - (357^24/45 - oifi'dfe 2^ D o.Rl V A — D b 
6 hb 6 x=l 1 

~\ (E~a L l A V A E^ L +V aLl A B A v bL ) - l -D aRl A B A D hR 




+9ab 
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Chapter 7 



Quartic Couplings of the form 



16 16 16 16 



In this chapter we determine dimension five operators in the superpotential 
arising from the mediation of 1-, 45- and 210-dimensional representations [T§] . 

7.1 Quartic interactions of the type 



16 16 16 16 



Here we give the technique for the elimination of heavy fields for the case 
when the fields belong to a large tensor representation. There are in fact 
three approaches one can use in affecting this elimination. The first one is 
the direct approach where one eliminates the heavy large Higgs representa- 
tion in its 5*0(10) form. While this is the most straightforward approach the 
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disadvantage is that the analysis of dimension 4 operators cannot be directly 
made use of and one has to carry out the entire computation from scratch. 
An alternative possibility is that one utilizes the result of computations of 
dimension 4 operators already done to compute dimension five operators. 
In this case, however, since all the heavy Higgs fields are in their SU (5) ir- 
reducible representations the elimination of such fields would involve cross 
cancellations which are quite delicate. Thus, for example, in its SU(5) de- 
composition 210 = 1 + 5 + 5 + 10 + TO + 24 + 40 + 40 + 75 and elimination 
of these involve cancellations between the 10 and the 40 plet contributions, 
between the 10 and the 40 plet contributions, and between the 1, 24 and 75 
plet contributions. Such cancellations make the analysis tedious once again. 
It turns out that there is yet a third possibility which is to derive the dimen- 
sion 4 operators in SU(5) decomposition leaving the SU(5) fields in their 
reducible form where possible, i.e., to use Eq.(4.7) without further reduc- 
tion of the tensor fields in their irreducible components. Thus, for example, 
in this case one would carry out the following SU (5) decomposition of the 
SO (10) tensor, 210 = 5 + 5 + 50 + 50 + 100 where 50, 50, 100 are reducible 
SU (5) representations. After computing the dimension 4 operators in terms 
of these tensors one eliminates them. This procedure has the advantage of 
having the cancellations of procedure 2 already built in. We give now more 
details of the three approaches. 
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(a) DIRECT METHOD 



We begin by discussion of the first approach^] where one eliminates the 
heavy fields in the superpotential before one carries out an 577(5) decompo- 
sition. 

In phenomenological analysis one generally needs more than one Higgs 
representations. Hence to keep the analysis very general we not only keep 
the generational indices but also allow for mixing among Higgs representa- 
tions. To that end, we assume several Higgs representations of the same kind: 
^^uy, &[j,up\z- Consider the superpotential 

w™=ws+w:;r (7.D 

where 

W£=W!VW5 + W«' (7.2) 
with W^, W^j' given by 

Wf + ) = h%<$t_ )A \B\% {+)i >k ( ^ x 

w ( 2 +) = i[C' < *Rdl£rvr,r p r A] |$ (+) ; > k { ™ } %„ pXZ (7.3) 

and 

..,(16x16) 1 , .(1) 1 , .(45) _ 1 , .(210) _ 

(7.4) 
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We next eliminate ^^y, ^^ up xz as superheavy dimension-5 operators 
using the F-flatness conditions: 



(16x16) 



The above leads to 
where 

(i) 



0; 



<9W 



(16x16) 



<9$ 



0; 



<9W 



(16x16) 



<9$ 



0. 



wir_ i 5 6) =x 1 +x45 +x 2 io. 



Z45 — — -A.£ 



-A (45) 

2 afe,cd 



2210 " 288 A <^' 
x < ^isr^r^l*^ >< ^l )6 \BT,T u T p T x \^ (+)d > 

-52 < v^bt^*^ >< ^I^W*^ > 

+240 < >< >; 

Writing, X 45 and Z 2 io i n terms of creation and annihilation operators 



'-45 



A 



(45) 
ab,cd 



-4 < fkJB&^l*^ >< *?_^|S6t6t|$ (+w > 



J j 1 * (+)d 



+4 < *;_)ji»foi% )6 >< *(-)cl5^ T ^l*( +)d - > 

-4 < *;_ )4 |fl&!A,|tf (+)fi >< ** H£ \B\* {+)i > 

I DlVTf 

'(-)<•- 
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>,t, 



(7.5) 



(7.6) 



(7.7) 



-10 < >< §X]£|§ (+)(f >] (7.8) 



(7.9) 



+5 < 

-+)& >< *(-)cl- B l*(+)d > 



(7.10) 



2^210 — 



1 ^(210) 
ab,cd 



8 < ^l^Bblb^b^ {+)h >< ^l )£ \Bb]b{blb t 
6 < *f_ )4 |S6}6t 6jfc6j |$ (+)6 >< ^Bblblhbj 

2 < $^15^-6*6,1$^ >< ^ { _ )6 \Bblb]b{b] 
+24 < ^_ )4 |S6l6,-|$ (+)i >< ^U & \Bb)bib n h 
-12 < ^_ )4 |S6l6j|$ (+)fi >< ^l^BblKhb, 
-12 < tff_ )4 |fl6i&# (+) j >< ^ Y \Bb\b)b{b n 
-6 < ^iSfc^l^i >< Vt-vlBbX 
-6 < $f_ )4 |5|tf (+)i >< §l_ )6 \Bblblb n b m 
+18 < fj.jjB^-l*^ >< *l- )6 \Bb\b) 
-18 < ^jB&fol*^ >< *\- )6 \Bb% 



%)<*" > 

> 
> 

*(+)<* > 
*(+)«* > 



+24 < >< §\_ )6 \Bbib n \$ {+)d > 

-15<^_ )& \B\^ {+)h ><^ { _ )6 \B\^ {+)d > 



(7.11) 



Finally, evaluating the matrix elements in terms of SU(5) fields, we obtain 



-N^MVN^mJ + 4Nf M 6i NT. feM J - 4Nf M fc Nf M,-. 



+4NjM 6 NT MV - SNTM^Nf M A - 4NTM 6 NT Mj 



(7.12) 
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+\>Zi [-8^ Wm Nj y -M k NLM d - - 86 ljMm NjMVNf Mf 



-20N a T M^NjM,- 



(7.13) 



-210 



24 



where 



4 (<yQ - AS) (Nf %Nf - NfM^Mf 
Mj) + 16 (A^ + AjJ) Nf M^M? 



(7.14) 



X w - 

ab,cd 



, (i) , (l) , (i) 
ao cd X 



A ( , 4 - 5) , - 

ab,cd 



, (45) (45) (45) 

ao cd y 



(210) (210) (210) (210) 

A-; -j = n.i h.i k 

ao,cd ao cd z 



M 



m (1) {m w m w -i}} k {1 ] 

~(45) f (45) ~(45) -I] (45) 

I J J yy y 

{m (210) ^ (210) -i}]^,C 0) 



A* 



(■) 



(7.15) 



Although this is the most straight forward technique, one has to carry out 
the entire analysis ab initio and can be very labor intensive for the case of 
large tensor representations. 

After spontaneous breaking, the Higgs multiplet can develop vacuum ex- 
pectation values generating mass terms for some of the quark, lepton and 
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neutrino fields. An example of such operators can be found in Ref.[14j. A 
further discussion of model building is given in Section 7.2. 



(b) INDIRECT METHOD I 

We discuss now the second approach |19j where one decomposes the large 
tensor representations in its irreducible 577(5) components and utilizes the 
results of the cubic superpotential already computed to derive dimension five 
operators. For illustration we consider the elimination of the 45 plet in the 
16 — 16 — 45 (see Eq.(6.10)) coupling and for simplicity we consider only one 
generation of Higgs. We begin by displaying the 45 plet mass term in terms 
of its irreducible SU(5) components 




-m <45) h"h„ - h;h; - h 2 



(7.16) 



The superpotential is given by 



w (45) = J(1 /45) H + j(10/45)ii H + j£0/45) H y + jW^W 



(7.17) 



where 



j(l/45) 



j(10/45)/' 



J 



Irn 



(10/45) 




(7.18) 
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Eliminating the irreducible 577(5) heavy Higgs fields through F-flatness con- 
ditions taking care of the tracelessnes condition for Hj one gets 



| 45 = _L_[5j(l/45) j(l/45) _ 2^(10/45)^^(10/45) 

_)_gj(24/45)ij(24/45)i _ j(24/45)m j(24/45)nj ^ ^ 



I45 computed above is the same as X45 given by Eq.(7.13) using the direct 

h {45) h (45) 

method with &b (d) replaced by — 4A^ cd . As pointed out in the beginning 
of this section one has cancellations in this procedure between the contribu- 
tions arising from elimination of the 1 plet and the 24 plet. Such cancellations 
become more abundant for the 210 plet case. 



(c) INDIRECT METHOD II 

It is more convenient to decompose the 210 plet into reducible SU(5) 
tensors [T^j. We begin by exhibiting the mass term for this case 



1 , .(210) 1 (210) 

-M <WV P A = -M 



^«Ky„ + K}»Kj H + |K«Kg 



(7.20) 



where K ijkl , K ijkh K? w , K) kl and Kg are the 5 plet, 5 plet, 50 plet, 50 plet and 
100 plet representations of 577(5). As before we keep only one generation of 
Higgs. The superpotential W^j\ in this case may be written as 



W 



■210) _ t(5/210) Kijkl , j(5/2W)ijkl w , t(50/210)Z v ijk j(50/210)ijk w l 
(-+) — J ijkl ^ ' ^ijkl ' J ijk "T J l 



■ijk 

+ ^(50/210) K ij„ + j(50/210)ij K n + j(100/210)ij K fci + j(100/210)j K i„ 

+ J (100/210) K mn (721) 
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where 



J, 



(5/210) _ lb ab 



h (210> 



ijkl 



< *l_ )& \Bb\b)b\b\ 

h (210) 

J( 5/210)^ = < §*_ )d |S 6i6j6fc6j 



24 



J, 



(50/210)/ _ 
ijk 



(210) 



J, 



(50/210)jfe( 



6 

(210) 



J, 



(50/210) 



f- < ^^BblbMi 

h (210) 



^(210) 

j(50/210)y = < $*_ )d |S6i6j 

, (210) 



, (210) 

4' 00/210M = < ^i^i®,-^ > 



j(100/210) 



(210) 



(7.22) 



Eliminating the reducible (5) Higgs fields through the F-flatness condition 
we get 

1 



210 



3M 



\A J\ 

(210) V ±u kl 



(100/210)y j(100/210)H _,_ Q r (100/210)mz 7 (100/210)j 



2.7 



+ 8 J, 



raj 



_|_gj(100/210)mn j(100/210) _|_ gj( 



(100/210)j j(100/210)j 



_|_ j(100/210)m j(100/210)n _|_ j(100/210)m j(100/210) 
+ 4Qj(100/210) j(100/210) _|_ 4 gj(5/210)ijW j(5/210) 
, 12 j(50/210)yfcj(50/210)J , 12 j(50/210)mij j(50/210) 
+ 12 j(50/210)ij j(50/210)m + j(50/210)r> j(50/210)i /y 
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One may now check that l 2 io derived above coincides with I 2 io given by 

(210) (210) 

Eq.(7.11) using the direct method when we make the identification — ' ( 2 io) — 



with 

ab.ca 



7.2 Possible role of large tensor representa- 
tions in model building 

Most of the model building in t 9O(10) [19] has occured using small Higgs 
representations and large representations are generally avoided as they lead 
to non-perturbative physics above the grand unified scale. However, for 
the purposes of physics below the grand unified scale, the existence of non- 
perturbativity above the unified scale is not a central concern since the region 
above this scale in any case cannot be fully understood without taking into 
account quantum gravity effects. Thus there is no fundamental reason not 
to consider model building which allows for couplings with large tensor rep- 
resentations. Indeed large tensor representations have some very interesting 
and desirable features. Thus, for example, if the 126 develops a VEV in the 
direction of 45 of SU(5) one can get the ratio 3:1 in the "22" element of 
the lepton vs. the down quark sector in a natural fashion as desired in the 
Georgi-Jarlskog textures |42j. A similar 3:1 ratio also appears in the 120 plet 
couplings. Because of this feature the tensor representations 120 and 126 
have already appeared in several analyses of lepton and quark textures .7:. 
Further, it was pointed out in Ref. [€3 j that the tensor representation 126 may 
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also play a role in suppressing proton decay arising from dimension five oper- 
ators in supersymmetric models. This is so because couplings involving 126 
plet of Higgs to 16 plet of matter do not give rise to dimension five operators. 
The result derived here including the computation of cubic and quartic cou- 
plings may find application also in the study of neutrino masses and mixings. 
Thus, for example, one may consider contributions to the neutrino mass (N) 
and to the up quark mass (U) from the contraction [16^16^45 [16gl6_ff]45. 
From Eq.(7.13) we find that a contribution to N arises from the fifth term in 
the brackets of Eq.(7.13) while the contribution to U arises from the second 
term in the brackets of Eq.(7.13). Now comparing the above with Eq.(8) of 
Ref.JSj for the 10 plet Higgs coupling which gives a N:U ratio of 1:1 we find 
that the two couplings referred to above in Eq.(7.13) give N:U=3:8 in agree- 
ment with Ref.jlB]. Regarding the 210 dimensional tensor, such a mutiplet 
could play a role in the quark-lepton and neutrino mass textures. The role 
of a 210 dimensional vector multiplet is less clear. One possible way it may 
surface in low energy physics is as a condensate field. However, this topic 
needs further exploration. 



7.3 Appendix 

In this appendix we prove that the [16^16^)45 [16gl6ff]45 interaction gives a 
ratio 3:8 for the Dirac neutrino mass, N vs the up quark mass, U. 

We begin with the well known result that the Dirac neutrino mass and 
the up quark mass get equal contributions if the coupling is via 10 plet of 
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SO (10). We will use this result in our proof. Next consider Eq. (5.6): 

= ^/ir^MfM.H, + (-MjM, m + ley^MTMf ) H™] 



When H m develops a VEV, we find the Dirac neutrino mass from 
— MjM^ m < H m > term and the up quark mass from the last term 
|e ijMm MV T Mf < H m >. Let us write 



Then we see that 



x = -MjMg m H r 



x + y -> TV : U = 1 : 1 



Next we look at Eq. (7.13). Further we are looking for combinations which 
involve x and y. We see that the relevant terms are the 2nd and the 5th 
terms in the brackets of Eq. (7.13) i.e., 

Using the x and y notation we can write the above as 

Nj (64y + 2Ax) 

Thus when the singlet Higgs field in 1Q H i.e., Nj develops a VEV we 
have 

24x + 64y -> N : [/ = 3 : 8 
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Chapter 8 

SO (10) Supersymmetric Singlet 
and 45 plet vector couplings 



In this chapter we present the complete supersymmetric couplings 20J con- 
taining the singlet and 45 of SO (10). 

8.1 Singlet vector coupling 

We begin with the supersymmetric vector couplings for the singlet of SO (10) 
in the Wess-Zumino gauge: 



L 



L 



(1 K.E.) 
V 



+ L 




(8.1) 



where 



L 



(1 K.E.) 

V 



1 



(8.2) 



W 



i a 



D 2 D«V 



(8.3) 
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and V is the vector superfield in the Wess-Zumino gauge and is given by 

V = -6a A 6V A + i0 2 6\ - i9 2 9\ + -6 2 6 2 D (8.5) 

Thus we have 

4 



^A^y A V A A + \-\i) auxiUary 


(8.6) 


V AB = QAyB _ QB V A 


(8.7) 


L {1) =-D 2 

(l)auxiliary 2 


(8.8) 


-GO 


(8.9) 



In the above the Greek letters with tilde's (a, (3, ...) are Weyl indices. 
Further, 

(1 Interaction) (1 + ) ~ J 1 ) (+) 'w - 

Ly+* = fytf <$(+)d|e g 9 v |$ (+) ;; > lew 



(i) (-) 



< $ ( _ )A |e* 5 v |$ ( ^ > U~ 2 (8.10) 

where g * are the U(l) charges and $(±)d are 16 and 16 chiral superfields 
and are given by 

= A d (x) + V26^j d + 6 2 F d (x) + t6a A 6d A A d (x) 

+ J_e 2 da A d A ^ d {x) + U 2 e 2 d A d A A d {x) 

= + V26^ d + 6 2 F\{x) - i6a A 6d A A\{x) 

+^=9 2 9a A d A ii d (x) + \e 2 9 2 d A d A A\{x) (8.11) 
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_, , (1) (±) 
Expanding e g q we nave 



(1 Interaction) (1 + ) 



^ab 



(i) (+) 



< ^(+)d|^ (+) 6 > +g q < $ (+)(i |V|$ (+)i > 



+^ (1) V +)2 <$( +) ,|v 2 |$ (+) ,> 



(i-) 



,2,-2+^ < $(-) d |$ ( _ )6 > 



i 



.(1)2 (-)2 



(8.12) 



where the quantities entering Eq.(8.12) are determined by Eqs.(8.13) -(8.26) 
below 



Kb < > lew = Kb 



-d A A) , , A d A A f , u - A?, ,,<9 A A 



(+)« 



i^ {+)&ijL l A d A ^ +)i}L 



(i) 

~(2)auxiliary 



(8.13) 



L (1) 

{2) auxiliary &b 



(+)b 



94 Al w^A* 



9 a a;!! } ,^a ( _ )6 . . - ^ ( -)dL7 A ^* ( _ )6L 



(1) 

-(3)auxiliary 



(8.15) 



L (1) 

(3)auxiliary ab 



V ; (±)da 



(±)d 



1±75 



(8.17) 
(8.18) 
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(8.19) 



C«'V + ' < «( + >*M* (+li > 



^ |<9 2 2 



(i) (+) 



2 

+7 ( <A (+)«i dA A «6 ~ 



(+)6L 



+- ^Af +)d 9a A (+)& - ^\ +)&LlA ^ {+)kL 

A t Vl7 , _i_ 1 A t , _|_ A *t ^j/ , 



+ 



v/2 



V2 



*(+)dLA (+) ^ + — * (+)(i i jL Aj J +) - + W {+)dL A {+)k 

(i) 



Al 



+L 



(4)auxiliary 



(8.20) 



(i) (+) 

,(i) _ ^ § g 

(A)auxiliary c\ 



where 



Af +) , Ha A (+)fc ^ Af +) ,9 A A (+)6j - (fcA* )4 ) A (+)4i (8.22) 



r(l-) (1) (-) 

= fl Ah § 9 



2 ( iA (-)a ^A A ( _ )g - *(-)dL7A* ( _)6L 



+ 7( A ?-)d 9a A ( _ )6i . + iW^ &LlA * 



(-)bijL 



+ 



V2 

i 

V2 



+2 { A l-)di d A a;_ )6 + M { _ )&iLlA v { _ )iL 

A(_)d*(-)6ji + 2 A(-)d*(-)6iji? + A(_ )di * ( „)^ 



1. 

(-)a£ A (-)6 + 2*(-)»i A (-)bij + *(-)«i A (-)6 
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ArI 



+L 



(i) 

(5)auxiliary 



(8.23) 



I (!) - ' ah 

(5)auxiliary 



r(l-) (1) (-) 



< A { _ )& \A { _ )i} > D (8.24) 



$h%W +)2 <*^\* w i>\*p 



, (1+) (1)2 (+)2 



1 



A 1 A -j A 1 A 



A?, A, 



(+)d-^(+)6 ^ 2 (+)»*J 1 (+)& ^(+)d^-(+)6i 



V A V A (8.25) 



, (i-) (1)2 (")2 

Ki g 9 



^ir g (i) v- )2 < ^(-),iv 2 i > 1^ 

+ I^^j + a U* a ;- J v ^ vA ( 8 - 26 ) 



Finally, appearing in Eq.(8.1) is given by 



L W=^<^)dl^l^( + )6> \<P+h.c. 



(8.27) 



Evaluation of Eq.(8.27) gives 



L W = -^d6 + *J-)dfl*( + )WL " ^*(-)-^*;+)6L 



+ '-(6)an«/iarj/ (8-28) 



L (D 



{^auxiliary 

1 



:F (-)«y A (t)6 



F (-)a A (+)6 + A (-)dF (+) 5 2 - 

1 + h.c. (8.29) 

Elimination of the auxiliary fields F(±) through their field equations gives 



~2 A f-)dij F J+)6 + F (-)d A (+)6i + A ( T )d F (+)6i 



(1) 



+ L 



(i) 



+ L 



(i) 



~(2)auxiliary ' (3)auxiliary ' (6)auxiliary 
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-(m*[a"- > ]- 1 [a""'] t ['»"" > ]-V) 46 



X 



1 



X 



A t A - -I- - A t A ^ -4- A ^ A 

A (+)d A (+)& + 4 A (+)dij A (+)6 + A (+)d A (+)6i 

-^[h il+ Y iT h (1+) [h (1+) ]- 1T ^% 



A T A* i _aT n A*i* + A? I \ A* - 



(8.30) 



Similarly, after eliminating the field D we get 
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(i) 



(i) 



(l)auxiliary ' (4)auxiliary ' (5)auxiliary 

- -g^CC^ < 4 + >*IA + X >< A ^\ A ( + yd > 
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(8.31) 
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1 (1)27 (!+) ,(l+) (+)2 



A -A''" A 
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_|__ A t A*?' At \kl , Alt A , Ait A 



_i_ A t A ,/\t \ij 

+ A (+)d A (+)b A (+)cij A ( +) d 



O A t A , A't A 
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+ A (+)d A (+)U A (+)cjk A {+)c [ 



(8.32) 
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At A ,At A 

A (-)d A (-)b A (-)c A (-)d 



J.lA«t A , A«t A , , At A> At AJ 

+ 4 A (-)* A (-)«J A (-)* A (-)*' + A (-)« A (-)6 A (-)ci A (_ )( i 
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+ A l-)d A (-)b A \-)c A (-)dij + 2A \~)d A (-)b A \-)ci A l-)d 



+ At A' ,Ai fe t A 



(8.33) 
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-lIa*" 1 " A - A fc/t A - 4- A*t A .At A J 

+ 2 A (+)d A (+)bi A (-)c A (-)dkl + A (+)d A (+)bi A (-)cj A ^ ) d 



(8.34) 



8.2 45 plet vector coupling 

In this section we give the complete supersymmetric vector couplings for the 
45-dimensional tensor of SO (10) in the Wess-Zumino gauge: 



(45 K.E.) (45 Interaction) (45) 

<-y ^V-l-* 't~ L v 



-w 



where 



(45 K.E.) 

-v 



64 



(45) 



(45)- 



g (45) 



(8.35) 

(8.36) 
(8.37) 



where are the 45 generators in the vector (10-dimensional) representa- 
tion that satisfy the following Lie algebra 

[M aP , M 7P ] = -i (5 Pl M ap + SapMfr - 5 ai M Pp - 5 Pp M ai ) (8.38) 
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and take on the form 

{M,J) a p = -i (5^ a 5 u(3 - StfSva) (8.39) 
and V M!y is in the Wess-Zumino gauge. Finally we have 

C K - E - ] = -\VAB^ V B - ^7%V + ^auxiliary i^AO) 

K B = d A Vl - d B Vi + g (45) ( V A V»„ - V»Vi) (8.41) 



■ (45) 

V A = d A + l -^-M, u V A (8.42) 
V A A, U = d A A, u + g (45) (v A a A au - V A a Ka) (8.43) 

\-\l)auxiliary = W (8.44) 

t ) (8 ' 45) 

To normalize the SU(5) fields appearing in —\VabhuV ab , we carry out a 
field redefinition 

V A = 2V5V' A ; Vi = VzV^ Vi = V2V'j j ; V Aij = V2 V Aij 

A = VlOA'; A{ = V2A/; A ij — V2A' ij ; A^ — VZA'^ (8.46) 

so that 

--V AB V AD - --V v' AB t _ L-v' ij v' ABi ^ - -y'i v' ABj 

^ Vfiv VABiiv — 2 V AB V V AB V ABj V i 



2 K„1 A V A A, U = -\^A l3 l A V A A\ 3 - l -±A l ^ A V A A'v 

i 



—Ah A V A A) - -A ^ A V A A' (8.47) 



2~ 3 2 

Next we look at the second term in Eq.(8.35) 

, (45 Interaction) , (45 + ) C- . 1 ( 45 ) O V i 



+h^- ] < $ ( _ )d |e^ g(45)9 - s -|$ ( „ )6 > \ em (8.48) 
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£„„ being the 45 generators in the spinorial representation. We find 



(45 Interaction) 



e 2 e 2 



where 



1 (::-. 

— r 
2 

+V 45)2 < $ (+)d |vs^v pA s pA |$ (+)6 > 



1 (45) 



< $(-)d|$ ( _)6 > +2§ < $(-)d|V M ,E^|$ ( _ )6 > 



+ig (45)2 < $ ( _),|VE^V, A E pA |$ ( _ )6 > 



(8.49) 



7 ( 45 +) ? i? I , (45+) 

k db < $ (+)«l $ (+)6 > U 2 = Kb 



-d A A\ +)& d A A 



-^A;^A (+)fc -^At +) ^^A^ 

-^ (+)(iL 7 A «9^* (+) ^ - ir (+)dL7 ^* (+) ^ 

(+)6L 



.(45) 

(2)auxiliary 



(8.50) 



l (45) 
(2)auxiliary 



k tr < F (+)&\ F (+)b > 



(8.51) 



t < 45 -) S: i S; i 7 ( 45 ~) 



(-)b "(-)Wj 



— rhA* r? A A* - -<9„A ijt f) A A 



^-)aLl A dA* { _ )kjL 



+ L 



(45) 

(^auxiliary 



(8.52) 



I (45) — ^ (45_) ^ TP \TP 

L (3)aw^iarj/ ~~ " '6b < M^H^V^ > 



^8.53) 
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(45+) (45) 
= k ah § 



1 (45+) (45) ~ ,0 „ ,i , 

2^dfe § < $ (+)alVX M!/ |$ (+) £ > U"2 

( A (+)d d A A (+)fi + i*( +) dL7A* (+) 6L 



4^ 



2v/5 



Aj T +)d Ha A (+)6 . + z*j +)dL 7A* (+) & L 



(+)bL 



V 



'A 



+ 



^ [ A (+)alm dA A (+)b + i*(+)dimL7A* (+) 6 L 

y' Aim 



jr'fc 

(+)6l 



+ 



(+)bL 



}_ijklmf At Q A , 1 7 rf> 



(+)bk + lV (+)«jL7il*(+)6fcL 



V, 



+ 



kj 

(+)bL 



1 

71 



AJ'I), 9a A wii + i^ +)AL7A * 



L (+)fe 



(+)aL M^(+)6iL 



'iA 



2 



_ I o 
_ A t vb - A t q7' J , 4. _ A *t 

A (+)d*(+)6i? 1Q A (+)dij *(+)bR + 5 A (+)d*(+)6ii? 



1 

+ 2 

1 

~2 



A 



A(+)dim*(+)6 J R + 2 e ^ HmA (+)«*(+)M? 
At "ay"'" 1 , _i_ _ Jjklm At u7 , \ 

A (+)aik ^{+)bR + A (+)a^ {+)UR 



A, 



v^5 
2 



-*(+)dLA (+) ^ - l* (+)d y L Aj J +)6 + ,,, A 



(+)aL 1 ^(+)bi 



ImL 

A, 



(+)d/mlA( + ^ + 2 e y'Wm*(+)dI,A^ + ^ 



+- 



A^ m 



A 



imi? 
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+ 



(+)W 



A/r \ + L( 4 )La;*ary (8.54) 



(45) 



,(45+) (45) 
Kb § 



(4)auxiliary j 

Similarly for 16_16_— couplings we have 



< A {+)d \Z^\A {+)f) > D 



(8.55) 



(45-) (45) 

Kb § 



1 (45-) (45) ~ ,0 „ ,i , 

2^6 g < $ (-)«IV S ^l $ (-)6 > W 

(A{_ )d Ha A ( _ )6 + i* { -)aLlA* { _ )i>L 



1 



^ ( A (-)« 9a Aj_ )(i + i* ( _ )4il7il *j_ )tL 



V 



'A 



+ 



^= (Aj_ )d 8 A A ( _ )km + ?*(-)dL7A* ( _)6 totL 



4^ 



e ijk im [ Af_ f )d 9a A«_ )6 + , l7a *«_ 



k 

(-)b 



,k 

(-)bL 



V 



'Aim 



+ 



2V2 



1 / a^9aa ( _ )6 +^;^ l7a * ( _ )6l 



^ ( Aj_ )4i d A A ( _ )i)ik + <* ( _ )4iL7 A* 



4^ 



+ 



V2 



(-)bjk 



(-)bjkL 



Im 



(-)bki 



^*(-)dL7A* 



(-)bkiL 



(-)bL 



v' iA 

v 3 



2 



-A(_)a*(_)W? iQ A (-V*(-)WjJi + 5 A (-)di*(-)6ii 



A 



+ 7 
1 

~2 



L (-)a*(-)M mj R + 2 e ^' feimA (-V*(-)&- R 



1 



+ 



ijklm \] tfj 
6 A (-)di*(-)6ifei? 



A 



A- ? ' fct \I> -4- A f * J 



ImL 
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+ 



— 1 — i j 3— 



A 



1 

~2 



*(-)dL A (_)w m + 2^' Mm *(-)^ A f-)6 



1 

2 



+ 
I j 

■ (-)dL" rt -(-)bfci 



1 



*( ")dL A (-)6 + ^ m *(-)«L A { _)^ 



A 



ImR 



(-)& 



(45) 

{^auxiliary 



(8.56) 



l (45) 
(b)auxiliary 



,(45-) (45) 

7 < A-)al^WI^(-)6 > 



(8.57) 



Next, we evaluate couplings to 16+16+ of matter which are quadratic in 
the vector multiplet fields. We have 



(« + ) g (4B) 2 < $ (+) ,|v^E^V M E M |$ (+)6 > U 2 



(45+) (45) 2 



At A ,_L_At \iJ 



9 



A *t A , 

f 25 A (+™ 



+- 



-a^a^^ + ( A i +) ^ A r+v - A ; t + )d A ( +) ^) 



+A 



(+)dij-"-(+)6 



>Aj 



+ - 



foAt A fern. , jjpfcm * t A . ^ f, 1 



n ijklm At A 

Ze A (+)dm A (+)6j 



v«,v m 



An 



+ - 



ZA (+)akm A (+)b e *JPfc" 1 / ^(+)d^-(+)b J °l 



+2eijWm A (+)A A (+)6 
DA (+)d A (+)f, + 6 A {+)dij A (+)bk 



+ 



1 



4V10 
1 

+ 



4V10 



6 A (+)d«m A (+)6 e y^m A (+)d A (+)fe 



jr'fc 



■yi'kl-yi'Am 
* d * n 
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<3A (+)d A (+)6i + 0A (+)difc A (+) fe 



V- l V 



'A 



ijklm \ t a 
6 A (+)d A (+)fej 



1 



e U'fcZra A (+)d A (+)& 



y'jky'Alm 



+ 8 



foA^ A - + A^ A mr O fi k /) 1 4- 9 A* A 



kl 



+2(Aj 



a mi 

(+)dim- fY (+)6 



- A ?t a - )t k ] v' ij v' A \ 



(8.58) 



Similarly couplings to 16 16 of matter which are quadratic in the vector 
multiplet fields are given by 

1^(45-^(45)2 < $ ( _ )( , | \/^S^V pA S pA | $ ^ > \ e2 ~ e2 



8 



(45-) (45) 2 
U ab & 



At A .-L—A^ A 

A (-)d A (-)& + 50 ^(-)d A (-)6ij 



9 



i A^ A* - 

+ 25 (") di 



+ 2 



/ A imt A 



— A 1 " A* .\ — A*^ a 



+- 



1 r 



(2AS A( _ ) , + e w^ A t_ )d?A( _ ) g^ 



, ijklm At A 
+ 6 (— )dn (— 



( 2A (-)d A (-)6fon + e wfe"i A (-)d A r'-tt ) ^" 



+ 



+ 



4V10 
1 



fiA im t A , _ Jjklm At A 



(-)« (-)& 



kl-\j'Am 
a V n 



4V10 



I - - id r% ( >!m + e «ifcZm A (-)d A (-)6 



-6Aj -,,A 
1 



y'Imy'A 



+ 



3 A (-)di A (-)6J 



A ifct A 



y, l .y 



'A 



ijklm if A 
6 A (-)di A (-)fe. 



e ij'fe«m A (_)A A (_)6 



y'jky'Alm 
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+ 4 



(-)& 



a mn\ a , At Am A ^ 



A ijt A - 



/_o A im t A i At A' \ X3 

-t- ^ OA ( _ )(i A ( _ )6mi -t- A ( _ )A/ A ( _ )6 J O k 



v'-V Akl ] 



(8.59) 



LS 5) =W(i» (+) ,i> ( _))| e2 +/i.c. (8.60) 

where 



W($ (+) , $ H ) = ^ < *f_ )4 |S|* (+)i > (8.61) 
W(A (+) , A H ) = (Af_ )4 A (+)i - ^Af_ )i0 -A« )fi + Aj T )d A (+)(ii ) (8.62) 

and where /x^ is taken to be a symmetric tensor. Thus we have 

(45) 

(6)anxi/iarj/ 



-W 



^~^~(G)auxiliarv (^-63) 



|_(45) 



(6)auxiliary 

1 



~2 A f-)ay F I+)6 + F (-)d A (+)6i + A ( T )d F (+)6i 



+ /i.c. (8.64) 



Eliminating the fields, F( ± ) through their field equations we get 



,(45) ,(45) ,(45) 

(2)auxiliary ' (3)auxiliary ' (6)auxiliary 



= -(fi[h ] [h ] [h ] /xj,. 
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X 



A f A . + I A 1 " \ ij + A* 1 " A 



'' '-^h (45+) [h (45+) }- 1T ^) & , 



X 



1 



A* ,4--\T, A*- 7 * 4- Af^ A* - 



(8.65) 



Similarly, eliminating the auxiliary field D^ v we get 



(45) 



+ L 



(45) 



(l)auxiliary ' (4)auxiliary ' (5)auxiliary 



+ L 



(45) 



1 (45) 2 ,(45+) (45+) | | | | 

fyit < A (+)a\ VI^(+)6 >< A+)clVI^(+)d > 



1 r ( 45 )2^< 45 +)^( 45 +) 
3 dfe cd 



-^ ,4Sl2 CC' < A + )*i^iA +) fi >< > ( 8 - 66 ) 

The terms above when expanded in terms of SU (5) fields give 



1 



32' 
= g 



(45) 2 



J_ (V 4 *^ + dn^) ( A ] A -A f A ij ' 

16 yidb,cd + 4r /dd,cfe J [ A (+)d A (+)b A (+)cij 



_L A't A , Ait A , _|_ A*t A , At \3 k 

_I + „ (4 - + - +) ") A lf A > A f A fci 

2 V 'a6,cd + 'ldd,6b J A (+)d A (+)bj A (+)cik A ( + )d 

At A*i A fe t A /m , 



(45++) 
'db,cd 



_}_ ijklm *f A , At A 

g C A (+)dij A (+)f>fc A (+)eZm A (+) ( i 

-Ia 1 " A fci A 1 " A K , + -A t A ij A 1 " \ kl - 

A A (+)dik A (+) b A (+)6jl A ( + ) d + 64 A (+)dij A ( + )6 A (+)cfe« A ( + ) (i 

+ _A f A -A if A . -Adt A .At a 

+ 8 A (+)d A (+)b A (+)6 A (+)di 16 A (+)d A (+)b A (+)c A (+)d 



(8.67) 
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- e (45) 2 /_ J_ (V 4 , 5 -) + ^^"-^ fA f A* <A jk] A - 

-5 lie \Pab,cd + 4r /dd,c6 J (-)& (-)<^ 



-LA* A* -A 1 " A J 



16 ( Ur lab,6d + Ar ^ad,cb A (-)d A (-)b A (-)c A (-)dij 

_I (J 4 ?" 5 + J 4 ?""^ A f A J A* fet A 



(-)dkj 



(45--) 
'db,cd 



g e u^ A (-)d A (-)6 A (- T )c A ^)d 



c ijklm 



8 



aL,a, 



(— )di (— )6j'fc (— )c (— )dim 



_lA ifet A - A j7f A - 4--A' if A - A feit A 

4 A (-)A A (-)6fcj A (-)d A (-)<fli + 64 A (-)d A (-)6i; A (-)e A (-)dfci 

7 I 15 j * 

+g A (-)d A (-)6 A (^)ci A ;-)d + Y^ A (-)d A (-)& A (-)c A (-)rf 



(8.68) 



1 (45)n, (45+), (45-) . , _ . . . , . . 

(46) 2 (45+ ) f5 f t ,-Aa 1 " A ij ' A Mt A - 

+ -A iJ < A -A 1 " A j A - A 1 " A* - 

+ g A (+)d A (+)&i A (-)cj A ( _ )d " + 2 A (+)d A (+)bi A (-)6 j A (-)d 

1 3 
+ _A f A fei A*'t A - --A 1 " A -A f A* - 

+ 2 (+)«* (+)* (-)* (-W g A (+)d A (+)6 A (-)ci A (-)d 

+ l^A if A - A 1 " A -+J_A f A -A iif A 

+ g A (+)d A (+)6i A (-)c A (-)d + 16 A (+)d A (+)6 A (-)c A (-)dij 

+— A f A ij A 1 " A --l^A if A - A jfet A 

La 1 A ij A f A fc A - A ifct A 

16 A (+)™j A ( +) 6 A (-)fcc A (-)d + 2 (+> 4 (+> w 

-lIa 1 " A fcj A* A* Ia 1 " A -A*^ A 
+ 2 M dik (+)b (-)i c (-)d 4 A (+)dij A (+)b A (-)c A (-)d 
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-Ia 1 " A ij A f A - _ 1 A*t \Jk At a 

_Ia ! A - A ijt A fc - --A if A jfc A f A 
4 A (+)A*j A (+)&fc A (-)«5 A (-)d 2 (+)* 

— Ia* A - A fcit A- 7 _ I, u'Mm A t a -A" 1 " A 

2 A (+)«i A (+)6fc A (-)c A ( _ )(i - g C A (+)dij A (+)6 A (-)<5fc A (-)<flm 
~g € ^ klmA l+)d Al (+)b A t% A T-)d~ g ei i klmA \+)& A \l)b A \% A (-)d 

~g eVklmA l+)aij A (+)bk A l-)c A {-)dlm\ (8.69) 

where r] 's are defined by 

(45+ + ) _ ^(45+)^(45+)_ (45 ) _ (4B-)^(45-)_ (45+-) _ ^(45+) ^(45-) , . 

^db,cd db cd ' ^db,cd db cd ' ^ab,cd db cd V " / 
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Chapter 9 



Coupling the Supersymmetric 
210 Vector Multiplet to Matter 
in SO(10) 

9.1 Coupling of 210 vector multiplet to 16± 
plet of matter 

In usual formulations of particle interactions the vectors belong to either 
singlets or the adjoint representations of the gauge group of the theory un- 
der consideration. To couple the vectors to matter one forms a Lie valued 
quantity V a T a where T a are the generators of the gauge group satisfying the 
algebra [T a ,T b ] = if a b c T c - Then one couples the Lie valued quantity to the 
matter fields in the form &e 9V <& which can be shown to be a gauge invariant 
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combination. For the representations 1 and 45 one can carry out this con- 
struction straightforwardly (see chapter 8). However, this construction does 
not work for the 210 vector multiplet as one cannot write a gauge invariant 
Yang-Mills theory for it. Further, for the same reason one cannot write a 
gauge invariant coupling of the 210 vector with matter. To construct the 210 
vector couplings, the technique we adopt is to carry out a direct expansion 
in powers of the vector superfield. Thus we have|20j. 



(210 Interaction) (210+) 



<$( + )d|$ ( + ) ^> 



(210) 



4! 



< < £(+)d|v^p A r[ At r i ,r p r A ]|$ (+) fc > 



+ 



1 & 



(210) 



2 4! 



< ^ > (+)d|v At! ,pAr[ M r ; ,rprA] v Q/ 3 7 5r[ Q r /3 r 7 r ( 5] |$ (+) ^ > 



I , (210-) 



g 



(210) 



4! 



1 & 



(210) 



+2 I j < ^(-)d|v^ P Ar^r^rprA]V Q , / 3 7 5r[ Q r /3 r 7 r ( 5] |$ ( _^ > 

+... 



(9-1) 



V^pA (/•*, v, A, p=l,2,..,10) is the vector superfield in the Wess-Zumino gauge. 
In the following we give a full exhibition of the couplings to only linear order 
in the vector superfield in terms of its SU(5) x U(l) decompostion but a 
similar analysis can be done for couplings involving higher powers of the 
superfield. Thus using the analysis of Ref.|Bl EH! we find that the 16* 16 
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>uplings can be decomposed as follows 



(210+) C~ I O | 
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db 



-d A A\ +)d d A A 
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(l)auxiliary 
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(210-) 



Kb < $(-)a|$(-)6 > U~ 2 = ^d& 
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Similarly we find 
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(9.7) 



, (210+) (210) 



where 



A f +) d dA A {+)k d = f A- l] {+)& d A \ +)k - (d A A? +) d ) A {+)k (9.9) 

A*, L = ^pA (9.10) 

A i« = -L (9-11) 



.-cm 
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and so on. Similarly for the 16_ 16 couplings we find 
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e ijfcIm (iA^, 9a A"g - *;i )(ii 7A* 



-> yAklm 
: (-)bL I V n 



+ - 

i /5 
"2 V 6 



- )b,jL j Vklm 

, v' Aij 



■^^ijklm [ iA (-)a dA A ( _ )6ij - * ( _ )(iL 7 A * 
1 1 



A 
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+- 



+- 



1 



A (-)d*(-)Mmi? g%Mm A (-)d*(-)&-R 

Wmf ^ , _ 1 ijfeZm At ^7 , 
A (-)d*(-)W? g e A (-)di*(-)ftjfci? 



A '/m 



A 



--A j7ct * 

(-)d^(-)6fciR 



ImL 

A'* 



6^/3 



^ijklr 



A (-)d W (-)6i? 



A'fcim I 



ijklm 



6^/3 



A 1 " Vb 

_- rt -(-)dra*(-)bi?.R 



A 



4^3 



i 5 
+ 2V6 



1 



A (-)d*(-)6ijii 

1_- 



A 



fcZL 



-* ( _ )dL A ( _ )6 + ^*Ji )dL A ( _ )6ij - ^* ( _ )diL Aj_ )6 



A 



2 

i 

~4 



*(-)^ A ;^ 



A 

1 



*(-)«L A (-)6 



A 



*(-)dLA ( _ ) ^ m - -e ijMm * ( _ )dL A ( _ )(; 
*!-)dL A (-)& - ^^ fc ' m *(-)«i A (-)6ifc 



A 



7m 
i? 



A 



+ 2 



ImR 

A'* 



6^/3 



^ijklr 



A n 



(~)dL^(_)6 



A 



'klm 
nR 



1 



*(-)dnL A (_)^ 



4^/3 



*(-)dL A (-)6ij 



A 

IV klmR 



A V 



+ '-(4)auxiZiarj/ (9-12) 



(210) 



y(210-) (210) 

— — — < A ( _ )d |r^r,r A] |A_ )6 > /;„„,. A 



'-(^auxiliary — " ^ ( J - 1 \M v 9 A l I (— )6 

Further, the kinetic energy for the vector multiplet is given by 

(210 K.E.) 



-v 



1 
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■ 2 - - ^ -2- 



W,% A = D D fi V^ pA , W W = D^V PA 
191 



(9.13) 

(9.14) 
(9.15) 



Explicit evaluation of Eq.(9.15) gives 



(210 K.E.) 1 AB ij- A | (210) / Qlfi v 

v ab =5 a v b (9.17) 

y pupa ^ v pupa ^ v pupa V^ ,xl / 

'-(5)aurriUan/ = pu pa D ^ pa (9.18) 

a,,p.= u7 pct ) ( 9 - 19 ) 

\ pupa / 

Finally, the superpotential of the theory is taken to be 

Lg 10) =W($ (+) ,$ ( _ ) )|,2 + / l .c. (9.20) 

W($ (+) ,$ ( _ ) ) = ^ < Sf_ )4 |5|$ (+)6 > (9.21) 

W(A (+) , A(_)) = ipa (Af_ )4 A (+)i - ^Af_ )dij A^ + A* ( T )(i A (+)(;i ) (9.22) 
where //^ is taken to be a symmetric tensor. Thus we have 

L W = ~¥ab (*(-)A**(+)6L + *(-)^*( + )WL " 3 *(-)^**? + )6l) 
+ ^(*,-,^ (+)ta + *M 4 , i *U^4*<--*« + »-) 

+ '-(6)aLi/iar J/ (9.23) 



L (210) = ?/; - 

(6) auxiliary rai 



F (-)a A (+)6 + A Rd F (+)6 - 2 F (-) A « A (+)6 



2 A f-)%' F (+)6 + F (-)a A (+)6i + A ( T )a F (+)6i 



+ /l.C. (9.24) 



We now eliminate the auxiliary fields, D^ vpa and F( ± ). We find 



,(210) ,(210) ,(210) 

(3)auxiliary ' {^auxiliary ' (5)auxiliary 
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(210)2,(210+) (210+) , , 

= "4608 g ^ ^ A+)al r [^ r p r A]l^(+)6> 

x < A (+)6 \T [fl T u T p T x] \A i+)(i > 

-^r^-^r < WWI^ > 

x < A ( „ )<5 |r [M r,r p r A] |A ( _ )d -> 

1 (210) 2 (210+) ,(210-) , , 

"2304 g df > &d A (+)&\ r [^ r p r M\ A (+)b> 

x < A { _ )6 \r {l ,r u r p r x] \A { _ )d > (9.25) 

S 1 ?/ (5) expansion of these expressions gives 

1 (210)2,(210+) (210+) . . 

" 4608 g ^ A+)«l r [^ r p r A]IV)^ > 

x < A+)c|r [M r,r p r A] |A (+)ff > 

_ e (210) 2 / L_ f < 2 , 10 + +) + 8ri (2M t +) "l A f A ij A f A M - 

L( „ (2W+) , 8 /"l+'U 1 A -A if , 

fi o ^d6,cd + 5? ?dd,cb J A (+)d A (+)6 A (+)c J 



A, 



768 V 'a6,&i °''dd,c6 J ^{+)&^(+)b^(+)6^(+)di 

+ -L (iin {2W+ , +> -2n (2w + +) ) A T A ij A kj A ■ 



+ 



1 ( (210++) (210++)\ J- jfc jf 

192 IV' +ZT iad,cb J A (+)dij A ( +) b A (+)c A (+)dk 
1536 V Vcd + iS7 ?dd,c6 J A (+)d A (+)&i A (+)c A (+)dj 

4— L /V' ltH : +) -fir7 (2K, t +) "| A f A -A 1 " A lJ 
1536 vWd D7 W / A (+)A A (+)6 A (+)«i A (+)d 

r ,, A f A ij A fcf A /m - 
1536 vfc,m (+)* (+)& (+)' s (+)d 

I ijfcim a t A - A T A 

1536 A (+)^ A (+)<*n A (+)d 

_i La 1 " A ife A 1 " A H - 

768 (+)<*' (+)<* 

5 + t ' 

AT a -AT A 

1536 (+)« (+) b (+)^ 



1536 

-Li. . 
'dft,cd 



(210++) 



(9.26) 
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g 



1 (210)2,(210-) ,(210-) , , 

~ 4608 g k M 6d <A (-)-\ r i^ r p r ^ A (-)b> 

x < A^ )6 \T [ll T l/ T p T x] \A ( _ )d > 
if L_ (.,'!■ . . | (i „\\ ) A :r a , A «t A kl , 

L (nn (2 -°~~ ) +8t7 (2H) " )> I A* A -A f A* - 

1_ /V 2 . 10 "' + 6rj (2 '°" )> l A ijt A - A f A fc - 

;o fi ^ 0r /afe,cd + 0r / d( i,cfe ) A {-)d A {-)bij A {-)6k A {-)d 



1536 



1 ' ( 210 ~) , J 210 "" >^ A«t A .At Afc 



+ 334 VWi +^dd',cfe J A (-)d A (-)6ifc A (-)ci A (-) ( / 
J_ (V 2 , 10 ^ _ 6rj (2 - : _)> l A f A 1 -A f A j 



1536 ^ b ' 6d 'ad,cb ) (-)ai (-)& (-)cj 



1536 ^ 'ab,cd ~ lad,cb J (-)d (-)& (-)c (-)dij 

Y536 e ^' feimA (-)« A (-)6 A (-)^ A (-)d 

5~ 



(210 ) 



'ab,cd 



I ijklm A t A , At A 
1536 A (-)* A (-)6jk A (-)* A (-)<Hm 

1 -Aft A, ,,A H U, 



256 ( _ ) 6jfc M* 5 (-)<#» 

I 25 At A ,At A , 

1536 (_)A (_)b (_)d 



(9.27) 



1 (210) 2 (210+) (210-) 

~ 2304 g &i > 6d A (+)aW[^uT p T x] \A {+)(i > 

x < A^ )6 \r [p r u r p r x] \A { _ )d > 

(210)2^(210+-) 

— {-10A[ +)d A (+)6 A[_ )d A ( _ )d - + 2A\ +)d A (+)h A l ^ )& A { _ )dij 

~ 4A (+)d A (+)6 A (-)« A (-)d ~ 32A (+)d A (+)6i A (-)c A (_)d 

A A t A'i At A , _QOA't A , A t A 

4A (+)d A (+)6 A (-)d A (-)dij <^ A (+)d A (+)6 A (-)« A (-)d 

1 10A«t \3 k At A . _fiA ! t \3 k At A 
+ i ^ A (+)d A (+) 6 A (-)ci A (-)djfc SA (+)d A (+) fo A (-)<y A (-)dfci 
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+18 A* 1 " A - A- ?fct A - +4 A* 1 " A - A* \ j 
- 56A (+)d A (+)6j A (- t )c A (-)d'fei ~ 24Aj t +)d A (+) ^.Aj_ )(5 .Aj_ )(i . 

_164A (+)d A (+)6i A (-)c A (-)d ~~ 4A (+)dij A (+)b A (-)c A (-)d 



-8AL w A^A?'!tA! ,,+ 8A 



t 



av'La* 



(+)dij^-(+)6fe^»-(-)c^-(-)rf T~ OA (+)dij A (+)6fc-"-(-)c-™-(-)d 

_ A t A*i A fe 't A , , oAt \3 k A iJ t A 

A (+)dy A (+)6 A (-)c A (-)<ifc* + SA (+)dii A (+) 6 A (-)c A (-) ( iifc 



+8A f A jfe A 1 " A* - 



^8 At \V At A 



_l_o A t A*- 5 At \ k , — 8 At \ kl ,A ij 't A 
_i_TAJJ klm \^ A -At A 

+ 14e y^™ A (+)d A (+)b A (-)c A (-)d 
O ijfcim A t A -At A 

_2e ^ MmA (+)a A (+)6 A (-)c A ™) ( i 



(9.28) 



where r/'s are defined by 



(210++) 



(210+) , (210+) 



(210 ) 



(210-) (210-) (210H — ) 



.cd db cd ; %b .cd db cd 



(210+) (210-) 
db cd 



We also find 



(9.29) 



,(210) ,(210) ,(210) 

(l)auxiliary ' (2)auxiliary ' (6)auxiliary 



-(f[h 



X 



(210-)-,_ lr , (210-), T (210-)-, ! \ 
} [h ] [h ] fl), 

A f A - + -A* \ ij 4- A*t A 

A (+)d A (+)& + 4 A (+)A*J A (+)6 + A (+)d A (+)6i 

-( /U [/ i (210+) ]- 1T / i (210+) [/ i (210+) ]- 1 V) d 



db 



db 
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X 



A?\ A* - + -A?\ A ij * A* - 



(9.30) 



9.2 A more general analysis of 16^ — 16 — 210 
vector couplings 

In this section we consider the couplings of the unconstrained 210 vector mul- 
tiplet with matter, i.e., in the analysis we use the full vector multiplet rather 
than the truncated one under the constraint of the Wess-Zumino gauge. An 
illustration of this procedure is given in Appendix C for the U(l) case. The 
Lagrangian that governs the interactions of the 210 multiplet consists of the 
kinetic energy term for the 210 plet, self interactions, and interactions of the 
210 plet with 16 and 16 of matter. For generality we also include a mass 
term for the 210 vector multiplet. As in Appendix C we will not impose the 
Wess-Zumino gauge but keep the full multiplet. Thus we take the Lagrangian 
governing the 210 vector multiplet to be 



l_(2io) _ |_'( 210 k - e -) _j_ |_'( 210 Mass ) 



V 



. /(210 Self — Interaction) . /(210 Interaction) . /(210 Self — Interaction) 

+ Ly + L 1/4 _<j, + 



(9.31) 



/(210 K.E.) 

-v 



1 
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(9.32) 



/(210 Mass) 0\ / \ / 

\-y —m V, ( „ nA V 



pup\V pvp\\8 2 2 



(9.33) 
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/(210 S el f — Inter action) 

-v 



+«2 ^1 nup\ VpAo/3 V Q/ 3^ T \l V Tpv | e 2 e 2 



(9.34) 



/(210 Interaction) 



(210) 

^-$iv^ pA r [M r,r p r A] $^ 2 ,- 2 



(9.35) 



■^/(210 SeZ f — Interaction) C + T 

U = $1$ 



d^a\9 2 § 2 



(9.36) 



V = C(x) + i9 X (x) - i&x(x) + -6 2 [M(x) + iN(x)} 



--0 2 [M(x) - iN(x)} - 6a A 6V A (x) 



+i9 2 9 



\{x) + -a A d AX {x) 



i6 2 6 



\{x) + -a A d A x(x) 



+-e 2 e 2 

2 



D(x) + -d A d A C(x) 



(9.37) 



One could, of course, add more interactions, for example, in 

• /(210 Self — Interaction) , . .cr i • i ill • i 

L v such as V etc. which are allowed once one gives up the 

Wess-Zumino gauge. Similarly in \_'^^ InteracUon) one ma y a ^ additional 

terms as well. However, the line of construction remains unchanged and 
the inclusion of additional terms only brings in more complexity. Thus to 
keep the analysis simple we omit such terms. Evaluating Eq.(9.31) we get 

L (210) = -\V AB ^V AB - \m 2 V^V A - \d A B XY d A B XY 



XY 

.•X - A : 



-iA XY 7 d A A XY - mA XY AxY 
-d A A\d A A d - tV &Ll A d A y dL 
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h (210) 



h (210) 

ab 



h B^{d A A\)Y „d A A t - '^d A (4f „A t ) d A B 



24m 



XY 



• 1,(210) 
ab 

48 



h 



(210) 
ab 



48m\/2 

, (210) 
ab 

24mV2 



A^Ai - (d A A\)f XY A 
(VaLl A r x Y Alxy) d A A i + 8 A A\ (A iXY7 A f XY ^ L ) 

(^aLl A T xy^Alxy) - At (A LX Y7 A f XY 9a^ 6l ) 



^(210) 



•,(210) 
ab 

24V2 



(^ dL r XY A mY ) ^ - At (A RXY r XY ^ L ) 



ih {2W) 



m 



1 /3a! 

3 



( —r~B m H — --Bwx-Bxy) d A B YZ d A B 7M 

m 



— (^-B m H ^-Bwx-Bxy) VayzV^, 

m V 2 m / 



fai^wY + — B m Bj^) («A Lyz 7 A 9aA Lzw - mA YZ A zw ) 



+ ^ + — 5 «) (Alxy7 A A Lyz ) V, 



dzw 



3a 2 



2m 4 



(AmxAlxy) (AlyzAr zw ) + \- a uxiliary (9.38) 



Where we have defined for brevity 

t X y = r^r^r^r^; _b xy = b^^-, Vd XY v4 = Vd^ vpa -V^ TXT (9.39) 

and so on. Further 



A 



mxa^ 




'i>aa 




), ..-( 




r j 




T 

CA , 


(1a 2 





C = 






\ 


2a 2 



, B = mC, 
, A = At 7 ° 



(9.40) 



We will expand some of the terms appearing in Eq.(9.39) in appendix B. 
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The Lagrangian containing the auxiliary fields is given by 



h 



(210) 



-auxilliary 



2m 2 ' 



m J 



48 



—2 



^(210) 
db 

48 



+ -D XY D XY + (^-m 2 5 YW + t^yw + —±B m B XY j (M YZ M ZW + iV YZ iV zw ) 

(210) 

|-4r Z wA 6 + ^ (^5 WX + ^s wx ) (a L x Y a c otz ) (m zw + *iv zw ) 
4r zw F 6 + — ( ^5 W x + — s HX ) (a c rxy a lyz ) (M zw - *iV zw ) 

.^(210) '/i (210) 

BxY-Flfjy^ + F]F a (9.41) 



h (210) 

db 

24m 



Finally, eliminating the auxiliary fields we obtain 



I ' 210 — — - 

auxilliary ^ 



2 3ai 
m BxyByx — — — BxyByzBzx 
2m 



'9a\ 2 2a 2 \ 3«ia 2 D D D D D 
-Dwx-Dxy-Dyz-Dzw ? — -Dvw-Dwx-Dxy-Dyz-Dzv 



2a- 2 



3m 4 m 2 7 

, (210) , (210) 

BwBwB vx BxyByzBzu 



m- 



, (210) 
^ ^ 2 

24m 3 



4608 



(4^) (A^ XY A d ) 



,(210) ,(210) 
771 db ( t~ \ 0l t~ ^ 

^A d r XY A^ j 5 XY " ^A d r XY A^ j BtjBzy 



48 



m <210) 

(Ajf„A fi ) B XV B VZ B Z Y - -^^(Q-^dcRcr^A^ 



24m v / 2 



1 2 
--m 

2 



Kw X (P 1 )wxyzK yz + Jw X (P X )wxyzJyz 



h 



(210) 

d6 



8m 4 



^(S-^T^P- 1 )™, ( ^5 YW + ^5 YW ) A iwz A^ zx (9.42) 



«2 

m 



where 



3o? 

PuVXY = ^UX^VY + (^UY-^VX + -B ux 5 V y) 
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m 4 

i (210) ,(210), (210) 

h;, ~ _ h h/ . IX; : 



Q 

+^ (V^vySwx + B^BM (9.43) 



Qfe = ^ + 24^ f Xy5xY " n52m 2 ^(P'WnAl (9-44) 

h (2w) h (2m) h (2w) 

S i>6 = h & + XY 5 XY - f 152 ^ 2 f^P^W^fx, (9.45) 



^(210) 

R-c = g^4 ^l^Uv(P 1 )uVXY (~^YW + ~^ YW ) ^LVZ^-RZX 



•7 (210) 

f A, xv vI/, ;/ ,r X v (9.46) 



24mV2 



, (210) 



Tc — + r uv A ( j(P )uvxy [^^^YW + ~^ YV J A-RWZ^LZX 

ih (210) 

:r„V &R A L „ (9.47) 



(210) 

in,. 



K - dfe 



>-XY 



48m 2 



24m\/2 

(Q- 1 )» <; Ref XY ^-4f XY (S- 1 )^T ( 



(f <W + ^^xu) (AluvAW - A C RUV A LVY ) (9.48) 

(Q _1 ) d cRcfxY^ + 4f XY(S- 1 )^T, 



, (210) 
ab 

XY 



48m 2 

+^ (f <W + ^5 X u) (A LUV A C OTY + A C RUV A LVY ) (9.49) 



9.3 Appendix A 

In this appendix we normalize the irreducible SU (5) tensors contained in a 
210 vector V^ upa , a 210 scalar B pupa , and a 210 spinor A pupa . Latin letters 
(i, j, /c, ...) are used to denote the SU (5) indices. The normalized SU (5) gauge 
tensors appearing in V pvpa are 
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Vf = t/fv# fc ; VS,-« = VSi = J|v2i (9.50) 



so that 



4 ^As^i^pa — 2 17 g AB 2! 2 

-^ABjK ~ ^2 a bi 1 ~ 2! 2! 4 fe ' ij l 9 - 51 ^ 
The normalized (5) fields appearing in -E>^ pcr are 



B = 4,/f B ' 
V 3 

B ij = V2B' ij ; 



Bf = Jf B jkl = JlB'fa B% = JIb'* (9.52) 



are 




B l = 


8V6B- 


Bl = 


V2B'i 


B% = 





so that 



\d A B, upa d A B pvp(T = -d A B'd A B'^ - d A B' l d A B'* - ^d A B^d A B'^ 



AfB';d A Bi - ^d A B'r k d A B^ - \^d A Biid A B'% 



(9.53) 



The normalized SU (5) fields appearing in A pvpa are 
A = 4^|a'; A, = 8V6A' 1 ; A, 



A ij = V2A' ij ; A {j = V2A' t1 ; Aj = v^A? 



HJ V *">-ij, 

A? k = \\\^T; A iH = wf A^; A% = J\aH (9.54) 
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so that 



-iA 7 A <9 A A' - iA^ A d A A'i - iA 7 A 9 A A' i 



2! 



^V^A^ - ^iKl jkl A d A Al k - ^iK^ A d A A'S (9.55) 



9.4 Appendix B 



In this appendix we exhibit, for the benefit of the reader, a few S77(5) expan- 
sions of the terms appearing in our final Lagrangian Eq.(9.38). We begin by 
noting that any of the chiral fields S (= A, F) can be expanded in terms 
of its 577(5) components as 

\S d >= |0 > S, + i6}6}|0 > S? + le^^t^t^io > S& . (9.56) 

Together with the normalizations of appendix A and the basic theorem given 
in Ref . |H| , we can expand terms such as 

— (^aLl A f XY A LXY ) d A A b ~ 

48m ' ' x 



j= (^dLl A f XY A LXY ) d A A h = -^-j= ^ dLl A T [fl T u T p T x] d A A h ) A Lflvpa 
(lO^u/y^Aj - * &ijLl A d A A?i + 2W &Ll A d A A h ) A' L 



, (210) 

m 



Kl^aAA A' lL + -1= (* dL7 A ^A 6j ) A^ 



2^3 V ' J * 2v/3 



48 

+ 1 f-6* d ^^Af + ^ klm * dl:jLl A d A A^ A; 



L 



6fc J IraL 

+ \k {-^Ll A d A Al + * &ihLl A d A A^) A'j L 
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(9.57) 



c j c k c l 



— ^B CtCjCkC[ V CiCjCkC[ + B CiCjCkC[ V CiCjCkCl + AB CiCjCkCl V Ci 

+ 4:B 5i c j C k C[ VciCjC k C[ + QB CiCj c k C[ V^CjCkC^ 



(9.58) 



where = V^V^r^- Thus we find 



5 



CiCjC k C t 



l -rr>;V\V V - ^BiY A V A - i^BiVl^V. 



144 480' 



48 



An 

•*» v ajkn v plm 



36 D i V ajkl v nm 6 ^i^ajk^l 



Im 



(9.59) 



B Ci CjC k ClV CiCjCkCl ^B CiC . CkCl \y 0,CiCjC m C^y c m C n C k Cl ^ 'dCiCjCmCn^ \mCnCkCl 



+^WH>ffV AMB - ^cy^ygV^ (9.60) 



4-B CjCjCfcC( V Ci CjC k Cl B CiCjCkCl {y > dc i CjC m C n '^ > c m C n C k Cl ^ aCiCjCmC^ 'c m c n c k ci 



+ 2 VdCi Cj C m C„ V Cm g„ c fc C; ) 



= Bi jk V™ n V Al u + 2Bi jk V l - r ? V An - - -B) jk V l ™uV A - 

l aij r rank 1 "-^( y akn y mij 3 ajfc mi 

9 9 9 
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28 1 1 

+^V Ajk Vf k - -i^V,- UJ V A - ^e ijklm B^V k & V^ 

i ^ ^ D«h )l ■> )Amn ^ r r>in\ jAklm , ^ r)ij}ik-\iAlm 



(9.6i; 



4 R- T/ - R- i V i •> ; _ "\)^4 

^ JD CiCjC k Cl V CiCjCkCl — JD CiCjC k Cl \ y dCiCjC m C n y Cm.C„C k Cl ' V aCiCjC m C„ y CmC n C k Cl 

^^aCiCjCmCn^CmCnCkCl) 

o 

= B l ■, y Ai i\!™ nk + 2B l ■, V{^ kn V m%3 B l ., V^y™ 

ijk y van r al ' tjk y Im r an g ijk Im a 

-\B\ jk V? jkm Vi m + \B\ jk V^ k V£ + \B\ 3k V A ^ 

9 9 7 
_ R. .yAjlmyki _ R. .v Aij7 V fe 4- - R V A ^V fe ' 

28 1 1 

+^-v^v! fc - -/^v l "v, ; - ^ klm B! jn v£v2 lmp 

(9.62) 



/3 3 

v A 

Vac iC] c mCri v c m c n c k ci 

= \BtV Amn Vf mn + 2B%V Aln Vt - ^SgV^Vi 
+25^^ + \B%vfvi + 2Byf kl VT k \ 
+t Bi X jk V l ak - \B)Vt>V k r - ^B}Vf j V a 



g — J-U -ait g — J-K ai -^g- 

+^Bl\Vff m VT k + 2B%Vf klm V ami + \B%Vpf 
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dkl 



+2BiV*Vi k - -BV^ 1 - -BV*V» (9.63) 



9.5 Appendix C 

In this appendix we discuss the coupling of the U(l) vector with matter 
without imposition of the constraint of the Wess-Zumino gauge. We consider 
the following Lagrangian which couples the vector multiplet with a scalar 
multiplet $. 



. ((7(1) K.E.) . ((7(1) Mass) . ((7(1) Self -Interaction) 

+ L v + 



-V 



I (^(1) Interaction,) 



(9.64) 



((7(1) K.E.) 

-v 



C 1] Mass) = m 2 V 2 | 



. (U(l) Self — Interaction) w3 1 04 



= aiV 3 1^202 + a2V 4 |g2g2 
= /i$tv$ d | e2e - 2 



((7(1) Interaction) 



Li f7(1)) = $t$-| e2e - 2+ fw($)|, 2 + /i.c. 



(9.65) 
(9.66) 
(9.67) 
(9.68) 
(9.69) 



where 



>V, = -iD 2 D,V; W, = -iD 2 D,V 



(9.70) 
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Finally, the superpotential W(5>) of the theory is 



W(l>) = TSa + \M^ah + 



(9.71) 



The couplings M.^ and Q^ )6 are taken to be completely symmetric tensors. 
Expansion in component form gives 



■ (UW k.e.) 1 ,,AB , 1 n 2 • \ Ad T 

L v = --VabV +-D -tXa d A X 



(9.72) 



((7(1) Mass) 

-v 



m 2 CD + -m 2 (M 2 + N 2 ) - m 2 (\ X + Ax) - -m 2 d A Cd A C 



-im 2 xv A d A x- l -m 2 VaV A (9.73) 



((7(1) Interaction) 



ih 



V2 



h 
2^2 



+ 



ih 



^V A [(d A A & ) 4 - (O-Al) A & ] + 



-/ic (^4) (c^) - i/ic ty^dA^) - -f A (a & a\) d A c 

+hCF d Fl - i| (x^) F| + i| (x? d ) + ^7JA,4 
+ ^ (M + iN) A d F\ - y (M - <JV) 



(J7(l) Self — Interaction) 

-v 



_ 3 ^ C + J VaV a + 2 (A X + Ax) 

+2ix<J A d A x- (m 2 + n 2 ) 

-1 (M-iN) (xx)-2(xv A x)Va 



3[^ + a 2 Cj[i(M + iN) (xx) 

+ 4r (xx) (xx) 



/ 3ai 
V 4 



(9.74) 



-C + a 2 C 2 ) [2C7J - <9 A C<9 A C] (9.75) 



206 



Lf (1)) = -d A Atd A A d - i$ d a A d A i/j d + F\F & 
+ + M.^ + Q^ 6 A 6 A 6 ) F d + (ri + A^J + ^A^t) pi ( 9. 76) 



Evaluation of Eq.(9.64) using Eqs.(9.65) - (9.76) gives in the four-component 
notation 



i sab v - ~m 2 V d V A - -d A Bd A B - ik^dAk 

-mAA - 8 A A\d A A d - -Bd A A\d A A d 

m 

-h QA O 4 ^) 9aB + y O 4 ^ " v ^ 



4m 
+ 



h 



2m V2 
h 



+ 



m 



V2 



(v dLl A A L ) d A A d + (a l7 A ^l) d A A\ 
(y dL l A d A A L ) A d - (K Ll A d A m dL ) 4 



(y dL A R ) A d - (A Al) A\ 



ih 
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-2 ^1 + ^ tt^D^AL 

m d V 4 m / 

-- f > + ^5 2 ) V A V^ 
m \ 2 m J 



+ 4r f + — 5 2 ") (*A l7 a <9 a A l - mAA) 
m- 1 V m / v y 

m z \ 2 m / v y 



(9.77) 
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where we have defined 



1paa\ 

, , B = mC, 
ia 2 



A c = CA , C 



ia 2 



and 



Mi)) 

-auxiliary 



+i 



A = A f 7°, A R , L = ^pA, 
2 V m J 

\2 2m m z J v 

4 ' m B ) fr A «) 



^4 pt , 3 ■ "2 „\ (- 

2 d d 

2 m z V 4 m / v 7 



(M + iJV) 
(M - iN) 



+ 
+ 



ik f-r- 



mV2 
ih 



db b dbc c d m ^ 



(9.78) 



+ ^B + ljFlF & (9.79) 



We next eliminate the auxiliary fields M, N, and D through their field 
equations to get 

1 o _o 3«t „, / 9ai 2 2a 2 



Mi)) 

-auxiliary 



-Z m 2 B 2 - ^B 3 -[^1 T + ^1)B 4 



2m 



8m 4 ^ m 2 



3ctia 2 5 2a 2 2 

: — -D — 
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+ 



ih 



(A^A L ) (A L A C R ) (9.80) 



where 



fi(B) 



3 (^ + ~ B )> HB)=m" + 3 -^B+ 6 ^ (9.81) 
V 4 m / mm 1 



3ai 6«2 



and the auxiliary field F satisfies the field equation 



n 



m 



2MB) A " A \ 



ih —7- 



m 



V2 



h TJ^l (AlA c J 4 - Fa - M &h A h - g &b6 A h A 6 (9.82) 



h{B) 

Inverting this last equation we obtain 



i + A* 

m , 



h 2 A\A h 



x 



2/1(3) (l + ±B)-WA\A 6 



ih — 



(9.83) 



For the case when self-interactions of the vector multiplet are absent (i.e., 
Oi\ — 0L2 — 0) , we get 

= --V AB V AB - -m 2 V d V A - -8 A Bd A B - ^A 7 A 9 A A - mAA 
4 2 2 

-d A A\d A A d - -Bd A A\d A A & 



m 



±d A (A & A\) d A B + | (4d A A & - A & d A A\) V A 



Am 



h 



2m\f2 



(V &L1 A A L ) d A A d + (a l7 A ^l) d A A\ 
209 



h 



rn 



V2 



(y dLl A d A A L ) A d - (A Ll A d A V &L ) 4 
y dL A R ) A d - (A R ^ dL ) A\ 



ih r 



-i 1 + -B\ * dLl A V A ^ dL 



m 



~\m^ - £ (4^) (4* 6 ) - £mB (4^ 



5-/ 

ao 



h 2 A\A h 



x 



x 



1 + £5 2m2 -h*(l + 4^. 

i/i — 

JF d + + ^dde4^ e + A?A L # di? 



F^Mi f 4 + gt f A\Al-- M (^ R A 



(9.84) 



As is evident the U (1) invariant effective Lagrangian above is highly nonlinear 
with infinite order nonlinearities. 
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Chapter 10 



Conclusions 



In conclusion, we have developed a technique which allows the explicit com- 
putation of the SO(2N) invariant couplings in terms of SU(N) invariant 
couplings. The technique is specially useful in the analysis of interactions 
involving large tensor representations. We have illustrated the technique by 
carrying out a complete analysis of the SO (10) invariant superpotential at 
the trilinear level involving interactions of matter with Higgs which consists 
of the 16 (+)d x 16 (+) $ x 10 s , 16 ( + )d x 16 (+) g x 120 as , 16+)* x 16 (+)6 x l26 s , 
16 (±)d x 16 (=F) g x 1, 16 (±)d x 16 (=F) g x 45, and 16 (±)d x lQ (T)b x 210 couplings 
in their 577(5) decomposed form, where 16+ = 16 and 16_ = 16. It would 
be very straightforward now to expand all the 577(5) invariants in terms of 
SU(3) C x SU (2) L x U(l)y invariants using the particle assignments. We note 
that the decomposition of 5*0(10) into multiplets of SU(5) is merely a con- 
venient device for expanding the 5*0(10) interaction in a compact form and 
does not necessarily imply a preference for the symmetry breaking pattern. 
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Indeed one can compute the SO(10) interactions using the technique used in 
this thesis and then use any symmetry breaking scheme one wishes to get 
to the low energy theory. An analysis of vector couplings in the Lagrangian 

16 (±)d x 16 (±)fe x !> 16 (±)d x 16 (±)6 x 45 and 16 (±)d x 16 (±)6 x 210 was also 
given. The technique discussed in this thesis is easily extendible to models 
with SO(2N + 1) invariance. 

Further, we have computed quartic interactions in the superpotential 
and Lagrangian of the type [16 A( _) x 16^ +) ]i[16(_ )(5 x 16 (+)d -]i, [16 A( _) x 
165 (+) ] 4 5[16(-)c x 16 (+)d <] 45 , [IQ&(-) x 16^ (+) ] 2 io[16(_)d x 16 (+)d -] 2 i , by elimi- 
nating the SO(10) tensor directly . We also exhibited a technique which is 
much simpler and involves elimination of heavy fields in cubic couplings. 

Further, in this thesis we computed the supersymmetric vector multi- 
plet couplings containing the 1 and 45. We have also given a computation 
of the couplings of the 210 dimensional SO(10) vector mutliplet. Specifi- 
cally, we have computed the vector couplings 16± — 16± — 210 in terms of its 
SU(5) x U(l) decomposition. We approached this coupling from two view 
points. First, we use the conventional approach of using the Wess-Zumino 
gauge. However, since the 210 couplings are not expected to be gauge in- 
variant and hence such interactions are not expected to be renormalizable, 
we also consider a nonlinear sigma model type couplings of 210 with matter. 
Such couplings arise when we consider the full 210 multiplet without using 
the Wess-Zumino gauge. Here elimination of the auxiliary fields leads to in- 
teractions of the vector multiplet with the chiral fields with nonlinearities of 
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infinite order as in a nonlinear sigma model. Although couplings of the type 
discussed do not thus far appear in theories of fundamental interactions, 210 
vector multiplet may arise as a condensate in effective theories. 

Very recently the techniques discussed here have been used in the formu- 
lation of a new class of 50(10) theories where one can achieve spontaneous 
breaking of an 50(10) gauge group down to SU(3)c x SU(2)l x U(1)y in 
a single step [SSI- The analysis utilizes a 144 plet of Higgs which is a spinor 
vector 1^ > with a constraint, that is r M |^ M >= 0. In model of Ref . HHI . one 
needs to fine tune the Higgs doublet mass to be light which requires a string 
type landscape type scenario for its implementation jSU ES]. The techniques 
developed here are found very useful in such analyses. 
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